Morphism of XV- Representations 



Alcks Kleyn 

Abstract. Importance of theorem dedicated to isomorphisms consist in state- 
ment that they allow to identify different mathematical objects which have 
something common from the point of view of certain model. This paper 
cosiders morphisms of TV-representation of JJ-algebra and morphisms of TV- 
representation of fibered J-algebra. 



This paper appeared on intersection of two researches which I make at the same 
time. First half of paper is dedicated to morphisms of TV-representations of $-algc- 
bra. In second half I consider morphisms of TV-representations of fibered ^-algebra. 
Considered constructions appeared as result of study of D* ^-linear mappings which 
are morphisms of TV-representations of skew field in Abelian group. Therefore I 
use D* ^-linear mappings for the purposes of illustration of stated theory. 

1. Representation of J- Algebra 
Definition 1.1. We call the map 

t : M —> M 

transformation of set M. □ 

Definition 1.2. Transformations is left-side transformation or TV-transfor- 
mation if it acts from left 

u = tu 

We denote *M the set of TV-transformations of set M . 

Suppose we defined the structure of ^-algebra on the set M ([2]). Then the set 
*M consists from TV-transformations which arc homomorphisms of ^-algebra. □ 

Definition 1.3. Transformations is right-side transformations or *T-trans- 
formation if it acts from right 

u = ut 

We denote M* the set of nonsingular ★T-transformations of set M . 

Suppose we defined the structure of ^-algebra on the set M ([2]). Then the set 
M * consists from *T-transformations which arc homomorphisms of f)-algcbra. □ 

We denote 8 identical transformation. 

Definition 1.4. Suppose we defined the structure of ^-algebra on the set *M ([2]). 
Let A be J-algebra. We call homomorphism 

(1.1) f:A^*M 

left-side or TV-representation of ^-algebra A in set M □ 
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Definition 1.5. Suppose we defined the structure of ^-algebra on the set M* ([2]). 
Let A be J-algcbra. We call homomorphism 

f : A—> M* 

right-side or *T-representation of 3-algebra A in set M □ 

We extend to representation theory convention described in remark [5]-2.2.14. 
We can write duality principle in the following form 

Theorem 1.6 (duality principle). Any statement which holds j c or -representation 
of ^-algebra A holds also for *T -representation of ^-algebra A. 

Diagram 



M 







f 




I 
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M 



means that we consider the representation of ^-algebra A. The map f(a) is image 
of a G A. 

Definition 1.7. Suppose map (1.1) is an isomorphism of the J-algebra A into *M . 
Then the T*-representation of the 3-algebra A is called effective. □ 

Remark 1.8. Suppose the T*- representation of J-algebra is effective. Then we 
identify an element of ^-algebra and its image and write T*-transormation caused 
by element a G A as 

v' = av 

Suppose the Tk-T-representation of ^-algebra is effective. Then we identify an element 
of J-algebra and its image and write *T-transormation caused by element a G A as 

v = va 

□ 

Definition 1.9. We call a T*-representation of ^-algebra transitive if for any 

a, b e V exists such g that 

a = /(<?)& 

We call a T*-representation of 3-algebra single transitive if it is transitive and 
effective. □ 

Theorem 1.10. T-k-representation is single transitive if and only if for any a,b G 
M exists one and only one g G A such that a = f(g)b 

Proof. Corollary of definitions 1.7 and 1.9. □ 

Suppose we introduce additional structure on set M. Then we create an addi- 
tional requirement for the representation of ^-algebra. 

Since we defined the structure of algebra of type 9) on the set M, we suppose 
that T*-transformation 

u' = f{a)u 

is automorphism of algebra of type ft. We also study T~k- representations which 
reflects symmetry of algebra of type fj. 
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Since we introduce continuity on set M, we suppose that T*-transformation 

u = f(o)u 
is continuous in u. Therefore, we get 

di 



7^0 



du 

2. Morphism of T*-Representations of ^-Algebra 
Theorem 2.1. Let A and B be ^-algebras. T-k-representation of ^-algebra B 

f : B —> *M 

and homomorphism of ^-algebra 

(2.1) h:A^B 

define T-k-representation of ^-algebra A 

*M 




Proof. Since mapping / is homomorphism of 3-algcbra B into ^-algebra *M, the 
mapping h is homomorphism of S'-algebra A into J-algebra *M . □ 

Considering representations of ^-algebra in sets M and N, we are interested in 
a mapping that preserves the structure of representation. 

Definition 2.2. Let us consider T*-representation 

f : A—> *M 
of ^-algebra A in M and T*-representation 

g : B -» *N 
of 3-algcbra B in N . Tuple of mapping (r, R) 

(2.2) r : A >■ B R : M >■ N 

such, that r is homomorphism of ^-algebra and 

(2.3) R(f(a)m) = g(r(a))R(m) 

is called morphism of T*-representations from / into g. We also say that 
morphism of T*-representations of ^-algebra is defined. □ 

Remark 2.3. Let us consider morphism of T*-representations (2.2). We denote 
elements of the set B by letter using pattern b 6 B. However if we want to show 
that 6 is image of element a € A, we use notation r(a). Thus equation 

r(a) = r(a) 

means that /(a) (in left part of equation) is image a £ A (in right part of equation). 
Using such considerations, we denote element of set N as R(m). We will follow 
this convention when we consider correspondences between homomorphisms of 
algebra and mappings between sets where we defined correspondingT*-represcnta- 
tions. 

There are two ways to interpret (2.3) 
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• Let T*-transformation /(a) map m 6 M into /(a)m. Then T*-transfor- 
mation g(r(a)) maps R(m) e N into R(f(a)m). 

• We represent morphism of representations from / into g using diagram 

R 




From (2.3) it follows that diagram (1) is commutative. 

Theorem 2.4. Let us consider T-k -representation 

f:A^ *M 
of ^-algebra A and T-k -representation 

g:B^*N 

of ^-algebra B . Morphism 

h : A B H : M *- N 

of T-k -representations from f into g satisfies equation 

(2.4) fT(w(/(ai), .., f{a n ))m) = w(g(h( ai )), g(h(a n )))H(m) 
for any n-ary operation lu of ^-algebra. 

Proof. Since / is homomorphism, we have 

(2.5) H(Lu(f( ai ), f(a n ))m) = H(f{u{a x , ...,a n ))m) 
From (2.3) and (2.5) it follows that 

(2.6) #(<o(/(ai), f(a n ))m) = g(h(u>(ai, a n )))H(m) 
Since h is homomorphism, from (2.6) it follows that 

(2.7) #(w(/(ai), f(a n ))m) = g{u>{h{ ai ), h{a n )))H{m) 
Since g is homomorphism, (2.4) follows from (2.7). 

Theorem 2.5. Given single transitive T-k-representation 

f :A^*M 

of ^-algebra A and single transitive T-k-representation 

g:B^*N 
of ^-algebra B, there exists morphism 

p : A ^ B P:M *- N 

of Tk -representations from f into g. 



□ 



□ 
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Proof. Let us choose homomorphism h. Let us choose element m £ M and element 
n G N . To define mapping H, let us consider following diagram 




From commutativity of diagram (1), it follows that 

H(am) — p(a)H(m) 

For arbitrary m' G M, we defined unambiguously a £ A such that ml = am. 
Therefore, we defined mapping 7J which satisfies to equation (2.3). □ 

Theorem 2.6. Given single transitive T-k-representation 

f:A^ *M 

of ^-algebra A, for any automorphism of ^-algebra A there exists morphism 

P : A A P:M *- M 

of T-k -representations from f into f . 
Proof. Let us consider following diagram 




Statement of theorem is corollary of theorem 2.5. □ 
Theorem 2.7. Let 

f : A -> *M 
be T-k-representation of ^-algebra A, 

g:B^*N 
be T-k-representation of ^-algebra B, 

h:C^*L 

be T* -representation of ^-algebra C . Given morphisms of Tk-representations of$- 
algebra 

p ■ A ^ B P : M N 
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q:B Q-N *- L 

There exists morphism of T-k-representations of ^-algebra 

r : A C R:M >■ L 

where r = qp, R = QP. We call morphism (r, R) of T-k-representations from f 
into h product of morphisms (p, P) and (q, Q) of T*-representations of 
algebra. 

Proof. Map r is homomorphism of J-algebra A into ^-algebra C . We need to show 
that tuple of maps (r,R) satisfies to (2.3): 

R(f(a)m) = QP(f(a)m) 

= Q(g(p(a))P(m)) 

= h(qp(a))QP(m)) 

= h(r(a))R(m) 

□ 

Representations and morphisms of representations of J-algebra create category 
of representations of ^-algebra. 

Definition 2.8. Let us define equivalence S on the set M . T*-transformation / is 
called coordinated with equivalence S, when fm\ = /7712 (modS) follows from 
condition m\ = (mods'). 

Theorem 2.9. Let us consider equivalence S on set M . Let us consider ^-algebra 
on set *M . Since T-k -transformations are coordinated with equivalence S, we can 
define the structure of 5 -algebra on the set *(M/S). 

Proof. Let h = nat S. If mi = m% (mods'), then h(mi) = h(m2). Since / G *M is 
coordinated with equivalence S, then h{f{m\)) = h(f(m 2 )). This allows to define 
T*-transformation F according to rule 

F([m\) = h(f(m)) 

Let to be n-ary operation of ^-algebra. Suppose f\, /„ G *M and 

Fi([m]) = h{h{m)) ... F n ([m}) = h(f n (m)) 

We define operation on the set *{M/S) according to rule 

u{Fi 7 F n )[m] = h(u(fi, f n )m) 

This definition is proper because /„) G *M and is coordinated with equiv- 

alence S. □ 

Theorem 2.10. Let 

f:A^ *M 
be T* -representation of ^-algebra A, 

g:B^*N 
be Tk-representation of ^-algebra B. Let 

r : A > B R;M N 

be morphism of representations from f into g. Suppose 

s = rr- 1 S = RR' 1 
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Then there exist decompositions of r and R, which we describe using diagram 

T 



RM 



AI/S 




• s = kcr r is a congruence on A. There exists decompositions of homomor- 
phism r 

(2.8) r = itj 

j = nat s is the natural homomorphism 

(2.9) j(a)=j(a) 
t is isomorphism 

(2.10) r(a)=t(j(a)) 
i is the inclusion mapping 

(2.11) r(a)=i(r{a)) 

• S = kcr R is an equivalence on M . There exists decompositions of homo- 
morphism R 

(2.12) R = ITJ 
J = nat S is surjection 

(2.13) J(m) = J(m) 
T is bijection 

(2.14) R(m) = T{J{m)) 
I is the inclusion mapping 

(2.15) R(m) = I(R(m)) 

• F is T-k -representation of ^-algebra A/s in M/S 

• G is T-k-representation of ^-algebra rA in RM 

• There exists decompositions of morphism of representations 

(r,R) = (i,I)(t,T)(j > J) 
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Proof. Existence of diagram (1) follows from theorem II. 3. 7 ([8], p. 60). Existence 
of diagram (2) follows from theorem 1.3.1 ([8], p. 15). 

We start from diagram (4). 

Let mi = m2(mod S). Then 

(2.16) R(mi) = R(m 2 ) 
Since a\ = 02 (mods), then 

(2.17) r { ai )=r{a 2 ) 

Therefore, j(ai) = j(a 2 ). Since (r, R) is morphism of representations, then 

(2.18) i?(/(a 1 )m 1 ) = g{r(ai))R( mi ) 

(2.19) R(f(a 2 )m 2 ) = g(r(a 2 ))R(m 2 ) 
From (2.16), (2.17), (2.18), (2.19), it follows that 

(2.20) E(/(ai)mi) = R(f(a 2 )m 2 ) 
From (2.20) it follows 

(2.21) /(oi)mi = f(a 2 )m 2 (modS) 
and, therefore, 

(2.22) J{f{ax)mx) = J(f(a 2 )m 2 ) 
From (2.22) it follows that we defined map 

(2.23) F(j(a))(J(m)) = J(f(a)m)) 

reasonably and this map is TV-transformation of set M / S. 

From equation (2.21) (in case a\ = a 2 ) it follows that for any a TV-transformation 
is coordinated with equivalence S. From theorem 2.9 it follows that we defined 
structure of J-algcbra on the set *(M/S). Let us consider n,-ary operation w and 
n TV-transformations 

F(j(ai))J(m) = J(/(a;)m)) i = 1, ...,n 

of the set M/S. We assume 

u(F(j(a 1 )),...,F(j(a n )))J(m) = J(^(f(a 1 ),...J(a n )))m) 

Therefore, map F is representations of 3-algcbra A/s. 

From (2.23) it follows that (j, J) is morphism of representations / and F. 
Let us consider diagram (5). 

Since T is bijection, then we identify elements of the set M/S and the set MR, 
and this identification has form 

(2.24) T{J{m)) = R{m) 

We can write TV-transformation F(j(a)) of the set M/S as 

(2.25) F(j{a)) : J(m) - F(j(a))J(m) 
Since T is bijection, we define TV-transformation 

(2.26) T(J(m)) - T(F(j(a))J(m)) 
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of the set RM. TV-transformation (2.26) depends on j(o) £ A/s. Since t is bijec- 
tion, we identify elements of the set A/s and the set rA, and this identification has 
form 

t(j(a))=r(a) 

Therefore, we defined map 

G:rA^ * RM 

according to equation 

(2.27) G(t(j(a)))T(J(m)) = T(F(j(a))J(m)) 
Let us consider n-ary operation u and n T*-transformations 

G(r( ai ))R(m) =T(F(j( ai ))J(m)) i=l,...,n 

of space RM. We assume 

W (G(r(ai)),...,G(r(a n )))ie(m)=T( w (F(i(a 1 ),..., J P(i(a„)))J(m)) 

According to (2.27) operation uj is defined reasonably on the set *RM . Therefore, 
the map G is representations of 5"-algebra. 

From (2.27) it follows that (t,T) is morphism of representations F and G. 

Diagram (6) is the most simple case in our prove. Since map I is immersion 
and diagram (2) is commutative, we identify n <E N and R(m) when n G Imi?. 
Similarly, we identify corresponding T*-transformations. 

(2.28) g'(i(r(a)))I(R(m)) = I(G(r(a))R(m)) 

w( ff / (r(oi)) ) ... l5 '(r(a n )))iJ(m)=/(w(G(r(oi),...,Gt(r(a n )))fl(m)) 
Therefore, is morphism of representations G and g. 

To prove the theorem we need to show that defined in the proof T*-representa- 
tion g' is congruent with representation g, and operations over transformations are 
congruent with corresponding operations over *N. 

g'(i{r(a)))I(R{m)) = I(G(r(a))R(m)) by (2.28) 

= I(G(t(j(a)))T(J(m))) by (2.10), (2.14) 

= IT(F(j(a))J(m)) by (2.27) 

= ITJ(f(a)m) by (2.23) 

= R(f(a)m) by (2.12) 

= g(r{a))R{m) by (2.3) 

u;(G(r(a 1 )),...,G(r(a n )))R(m)=T(uj(F(j(a 1 ),...,F(j(a n )))J(m)) 

= T(F(tu(j(a 1 ),..., J (a n )))J(m)) 
= T(F(j(u J (a 1 ,...,a n )))J( m )) 
= T(J(f(ui(ai, a n ))m)) 



□ 



9 



Aleks Kleyn 

Morphism of T-k-Representations 



From theorem 2.10 it follows that we can reduce the problem of studying of 
morphism of T*-representations of 3- algebra to the case described by diagram 



(2.29) 




Theorem 2.11. We can supplement diagram (2.29) with T-k-representation F\ of 
^-algebra A into set M/S such that diagram 



(2.30) 




M/S 



M/S 



is commutative. The set of T-k -transformations of T-k-representation F and the set 
of T* -transformations of T-k-representation F\ coincide. 

Proof. To prove theorem it is enough to assume 

F 1 {a) =F(j(a)) 

Since map j is surjection, then InxFi = ImF. Since j and F are homomorphisms 
of S'-algebra, then F\ is also homomorphism of ^-algebra. □ 

Theorem 2.11 completes the series of theorems dedicated to the structure of 
morphism of T*-represcntations ^-algebra. From these theorems it follows that we 
can simplify task of studying of morphism of T*-representations ^-algebra and not 
go beyond morphism of T*-representations of form 

id : A ^ A R:M *- N 

In this cae we identify morphism of {id, R) T*-representations of 3-algebra and 
map R. 

Definition 2.12. Let 

f : A—> *M 

be T*-representation of J-algebra A in ^-algebra M and T*-representation 

g : B -> *N 
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be T*-representation of ^-algebra B in ^-algebra N. Morphism (h, H) of T*- 
representations of algebra of type # is called morphism of T^-representations 
of 3-algebra in ^-algebra. □ 

3. D%-Linear Map of Vector Spaces 

Definition 3.1. Suppose A is S%-vector space. Suppose B is T**-vcctor space. 
Morphism 

/ : S *~ T A: A *~ B 

of T*-representations of skew field in Abelian group is called (S"**, T%)-linear 
map of vector spaces. □ 

By theorem 2.10 studying (S**, T**)-linear map we can consider case S = T. 

Definition 3.2. Suppose A and B are D**-vector spaces. We call map 

(3.1) A:A^B 
D%-linear map of vector spaces if 1 

(3.2) A(a**m) = a* *A(rn) 

for any a a £ D, a m £ A. □ 

Theorem 3.3. Let f = ( a f,a £ I) be a D* * -basis of vector space A and e — 
(b&, b £ J) be a D* *-basis of vector space B. Then D* * -linear map (3.1) of vector 
spaces has presentation 

(3.3) b = a\A 
relative to selected bases. Here 

• a is coordinate matrix of vector a relative the D* * -basis f 

• b is coordinate matrix of vector 

b = A(a) 

relative the D*„-basis e 

• A is coordinate matrix of set of vectors (A( a f)) in D**-basis e called ma- 
trix of £>**-linear map relative bases f ande 

Proof. Vector a £ A has expansion 

a = a**/ 

relative to Z?%-basis /. Vector b = f(a) £ B has expansion 

(3.4) b = b*,e 

relative to D%-basis e. 

Since A is a D%-linear map, from (3.2) it follows that 

(3.5) b = A(a) = A(a*J) = a\A(J) 
A( a f) is also a vector of B and has expansion 

(3.6) A(af) = a A\e = a A b b e 
relative to basis e. Combining (3.5) and (3.6) we get 

(3.7) b = a\A\e 



1 Expression a**A(m) means expression a a A( a rn) 
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(3.3) follows from comparison of (3.4) and (3.7) and theorem [5J-4.3.3. □ 

On the basis of theorem 3.3 we identify the Z?%-linear map (3.1) of vector spaces 
and the matrix of its presentation (3.3). 

Theorem 3.4. Let 

J=(J,ae I) 

be a D* * -basis of vector space A, 

1 = ( b e, b G J) 
be a D* * -basis of vector space B, and 

V = (c5, c G L) 

be a D**-basis of vector space C. Suppose diagram of D* * -linear maps 

A - 





B 

is commutative diagram where D* * -linear map A has presentation 

(3.8) b = a**A 

relative to selected bases and D* ^-linear map B has presentation 

(3.9) c = b\B 

relative to selected bases. Then D* * -linear map C has presentation 

(3.10) c = a\A\B 
relative to selected bases. 

Proof. Proof of the statement follows from substituting (3.8) into (3.9). □ 
Presenting D%-linear map as %-product we can rewrite (3.2) as 

(3.11) (ka)**A = k(a\A) 

We can express the statement of the theorem 3.4 in the next form 

(3.12) {a\A)\B = a\(A*,B) 

Equations (3.11) and (3.12) represent the associative law for Z?%-linear maps 
of vector spaces. This allows us writing of such expressions without using of 
brackets. 

Equation (3.3) is coordinate notation for D%-linear map. Based theorem 3.3 
non coordinate notation also can be expressed using %-product 

(3.13) b = 7z% A = a*»/**A = a**A%e 

If we substitute equation (3.13) into theorem 3.4, then we get chain of equations 
c = b**B = b*\e* *B = b* *B* *g 

C — Qj # J\ # 1 J — & *J # -Ti * J J — Ob * I\ * SD * Cj 
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Remark 3.5. One can easily see from the an example of D* ,-linear map how theorem 
2.10 makes our reasoning simpler in study of the morphism of T-k- representations 
of 3-algcbra. In the framework of this remark, we agree to call the theory of £>%- 
linear mappings reduced theory, and theory stated in this remark is called enhanced 
theory. 

Suppose A is 5**-vector space. Suppose B is T**-vector space. Suppose 
f:S *- T A : A ^B 

is (S***, T%)-linear map of vector spaces. Let / = ( a f,a G /) be a S^-basis of 
vector space A and e = (f,e, 6 € J) be a T**-basis of vector space B. 
From definitions 3.1 and 2.2 it follows 

(3.14) b = A(a) = A(a*J) = f(a)%A(J) 
A( a f) is also a vector of B and has expansion 

(3.15) A( a f) = a A\e = a A b b e 
relative to basis e. Combining (3.14) and (3.15), we get 

(3.16) b = f(a)\A\e 
Suppose C is D**-vector space. Suppose 

9 ■ T D B:B *■ C 

is (T*», D* st )-lincar map of vector spaces. Let h = ( a h,a £ K) be £>%-basis of 
vector space C. Then, according to (3.16), the product of (S 1 **, T**)-lincar map 
(/, A) and (T%, D%)-linear map (g,B) has form 

(3.17) c = gf{a)\g{A)\B\h 

Comparison of equations (3.10) and (3.17) that extended theory of linear maps is 
more complicated then reduced theory. 

If we need we can use extended theory, however we will not get new results 
comparing with reduced theory. At the same time plenty of details makes picture 
less clear and demands permanent attention. □ 

4. Bundle 

Let M be a manifold and 
(4.1) p[E]:£--^M 

be a bundle over M with fiber E? The symbol p[E] means that E is a typical 
fiber of the bundle. Set £ is domain of map p[E]. Set M is range of map p[E]. We 
identify the smooth map p[E] and the bundle (4.1). Mappings is called projection 
of bundle £ along fiber E. Denote by T(p[E]) the set of sections of bundle p[E}. 

Definition 4.1. A space is said to be locally compact at point p if there exists 
open set U, p E U, whose closure U is compact. A space is said to be locally 
compact if it is locally compact at each of its points. 3 □ 

2 Since I have deal with different bundles I follow next agreement. I use the same letter in 
different alphabets for notation of bundle and fiber. 
3 I follow to definition from [4], p. 71. 
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Definition 4.2. Given topologies 7[, T2 on the set X, we say that T\ is finer than 
T2 and that T2 is coarser than T\ if, denoting by X, the set X with the topology 
%, i = 1,2, the identity mapping X\ — » A2, is continuous. If 71 7^ 72, we say that 
71 is strictly finer than 7-> and that T2 is strictly coarser than T\ . □ 

Let topology T\ in the set X be finer than topology T~2 ■ Let us consider diagram 

X x 




According to definition 4.2, if mapping fi is continues, than mapping / 2 is continues. 
Similarly, if mapping g 2 is continues, than mapping gi is continues. 

Let p[E] : £ >- M be bundle. Let us consider an open set U C M such, that 

there exists chart if over U 



U x E ■ 



£\ 



p[E] 



u 



Since if is homcomorphism, then topology in U x E and £\u are comparable. Since 
U x E is Cartesian product of topological spaces U and E, then in £\u, we define 
coarsest topology for which projection p[E] is continuous ([11], p. 31). 

Let us consider relation r in £ such that (p, q) € r iff p and g belong to the same 
fiber. Relation r is equivalence. p[E] is natural mapping. Let us consider diagram 



p[E] 




Continuity of mapping g follows from continuity of mapping /. Hence, we can define 
in M quotient topology which is the finest topology for which p[E] is continuous 
([11], p. 39). 

Cartesian power A of set B is the set B A of mappings / : A — > B ([8], page 
5) . Let us consider subsets of B A of the form 

W K ,u ={f:A^ B\f(K) c U} 

where K is compact subset of space A, U is open subset of space B. Sets Wk,u form 
base of topology on space B A . This topology is called compact-open topology. 
Cartesian power A of set B equipped by compact-open topology is called mapping 
space ([9], page 213). 

According to [9], page 214, given spaces A, B, C, D and mappings / : A — > C, 
g : D — > B we define morphism of mapping spaces 



9 



f. D G 



B 
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by law 

g f {h) = fhg h:C^D \h) :A -+ B 

Thus, we can represent the morphism of mapping spaces using diagram 

/ 




9 

Remark 4.3. Set T(£) is subset of set £ M . This is why for set of sections we can 
use definitions established for mapping set. We define sets Wk,u by law 

W K ,u = {f &T(£)\f(K) CU} 

where K is compact subset of space M, U is open subset of space £. □ 

Remark 4.4. I use arrow >■ to represent projection of bundle on diagram. □ 

Remark 4.5. I use arrow ■> to represent section of bundle on diagram. □ 

Definition 4.6. Let us consider bundles 

p[A] :A--^M 

and 

q[B] :B--*N 

Tuple of mapping 

(4.2) ( T : A -> B, f-.M^-N) 

such, that diagram 

A ^B 

I I 

I P[A] I g[B] 

V f Y 
M >iV 

is commutative, is called fibered morphism from bundle A into B. The map 
/ is the base of map T . The map T is the lift of map /. □ 

Theorem 4.7. Suppose map f is bisection. Then the map T defines morphism 
T* of spaces of sections T(p[A])) to T(q[B])) 

A ^B u' = T^\u)=Tuf- x 

A A 



M *- N 

Proof. It is enough to prove continuity of / _1 to prove continuity of v! . However 
this is evident, because / is continuous bijection. 

We assume that we defined topology on the set r(pL4])) and T(g [£?])) according 
to remark 4.3. Let us consider sections u,v£ T(p[A])), u' = (u), v' = J 7 ' (u 1 ) 
such that there exists Wl,v C r(g[B])) where L is compact subset of space N, V is 
open subset of space £>, u' , v' € Wl,v- Since / is continuous bijection, K = 
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is compact subset of space M. Since T is continuous, U = J-~ x (y) is open subset 
of space A. 

According to our design 

(4.3) u'f = Tu 
From (4.3) it follows that 

(4.4) Tu{K) = u'f(K) = u(L) C V 
From (4.4) it follows that 

(4.5) u{K) C T~ X V = U 

From (4.5) it follows that u 6 Wk,u ■ Similarly we prove that v! € Wk.jj ■ Therefore, 
for open set Wl,v we found open set Wk,u such that 1 (Wk,u) C Wl,v- This 
proves continuity of map T* . □ 

Since / = id, then id 1 = id. In this case we use notation J- lA for morphism of 
spaces of sections. It is evident, that 

F d {u) = Tu 

Definition 4.8. Let <x[A] : A >■ N and b[B] : B >• M be bundles. Sup- 
pose fibcred morphism ( T : A — > B, f : M — > N ) is dehncd by diagram 

A "B 

i i 

I a[A] | b[B\ 

V f ¥ 

N >■ M 

where maps T and / are injections. Then bundle a[A] is called fibered subset or 
subbundle of b[B]. We also use notation a[A] C b[B] or A C B. 

Without loss of generality we assume that A C B, N C M. □ 

Let us consider bundles 

p[A] :A--^M 

and 

q[B] :B--^N 

Cartesian power A of bundle B is the set of fibered morphisms 

( T : A^ B, f : M -> N ) 

At this time I do not see how wc can define structure of bundle in Cartesian power 
of bundle. Although for given m 6 M, n 6 N I can consider Cartesian power 
B n Am . Based on theorem 4.7, we can define map 

/ : q[B] p W -> T(6) r( ' 4) 

Let us consider subsets Wk,u C T(S) r ^^ where X is compact subset of sections 
of bundle .4, J7 is open subset of sections of bundle B. Sets Wk,u form base of 
topology on space T(B) r ^ A \ We choose coarsest topology in q , [S] p [ A l, for which 
mapping / is continuous. 

Wc considered the structure of open set of sections of bundle B in remark 4.3. 
Since a set of sections of bundle A is set of mappings, we can look for theorem 
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similar to Arzela's theorem in calculus ([3], p. 54), to answer the question when 
this set is compact. At this time I leave this question open. 

According to [9], p. 214, given spaces A, B, C, D and mappings / : A 
g : D — > B we define morphism of mapping spaces 

gf : D c - B A 

by law 

gf{h) = fhg h:C^D gi \h) :A -+ B 

Thus, we can represent the morphism of mapping spaces using diagram 

/ 




5. Fibered ^-Algebra 
Definition 5.1. An n-ary operation on bundle p[E] is a fibered morphism 

T : £ " -> £ 

n is arity of operation. 0-arity operation is a section of £. □ 
We can represent the operation using the diagram 



£'■ 



■£ 



/ 



/ 

pi Q...Q ip 

\ / 
\ / 

M 




id 



¥ 

M 



Theorem 5.2. Let U be an open set of base M . Suppose there exist trivialization 
of bundle p[E] over U . Let x G M. Let to be n-ary operation on bundle p[E] and 

(j(pi,...,p n ) =p 

in the fiber E x . Then there exist open sets V C U , W C E, W\ C E\, W n C E n 
such, that xeV,peW,pi<E W%, p n £ W n , and for any x' £ V, p' £ W HloV 
there exist p^ £ W±, p' n £ W n such, that 

u(p'i,.:,p' n ) =P 

in the fiber E x i . 

Proof. According to [11], page 44, since V belongs to the base of topology of space U 
and W belongs to the base of topology of space E, then set V x W belongs the base 
of topology of space £. Similarly, since V belongs to the base of topology of space 
U and W\, W n belong to the base of topology of space E, set V x W\ x ... x W n 
belongs the base of topology of space £ n . 
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Since mapping uj is continuous, then for an open set V x W there exists an open 
set S C S n such, that uiS C V x W. Suppose x' G V. Let (x',p') G uiS be an 
arbitrary point. Then there exist such p[ 6 E x i, p' n G E x >, that 

u(p'i,...,p'n) =p' 

in fiber E x i . According to this there exist sets R, R' from base of topology of space 
U, and sets Ti, T„, T[, T' n from base of topology of space E, such that 

x e R, x' g i?', pi e r x , pi e T[, p„ g T„, p'„ e T,' , x T x x ... x T„ c 5, 

R'xT{x...X T' n C 5. We proved the theorem since Wi = T x UT^ W„ = T„ 
are open sets. □ 

Theorem 5.2 tells about continuity of operation ui, however this theorem tells 
nothing regarding sets W\, W n . In particular, it is possible that these sets are 
not connected. 

We suppose W = {p}, W\ = {pi}, W„ = {p n }, if topology on fiber A is 
discrete. This leads one to assume that in the neighborhood V the operation does 
not depend on a fiber. We call the operation uj locally constant. However, it is 
possible that a condition of constancy is broken on bundle in general. Thus the 
covering space R — > S 1 of the circle S 1 defined by p(t) = (smt, cost) for any t € R 
is bundle over circle with fiber of group of integers. 

Let us consider the alternative point of view on the continuity of operation lu 
to get a better understanding of role of continuity Let us consider the continuity 
of operation lu to better see what does it mean. We need to consider sections, 
if we want to show that infinitesimal change of operand when moving along base 
causes infinitesimal change of operation. This change is legal, because we defined 
operation on bundle in fiber. 

Theorem 5.3. An n-ary operation on bundle maps sections into section. 
Proof. Suppose f±, f n are sections and wc define map 

(5.1) / = Lo id (.h,. ..,/„): £ 
as 

(5.2) f(x) = u(fi(x), :.,f n (x)) 

Let x £ M and u = f(x). Let U be a neighborhood of the point u in the range of 
the map /. 

Since u> is smooth map, then according to [11], page 44, for any i, 1 < i < n the 
set Ui is defined in the range of section /, such, that YVi=i Ui is open in the range 
of section (/i, /„) of the bundle £ n and 

n 
i=l 

Let v! 6 U. Since / is a map, then there exist x' G M such that fix') = u' . 
From equation (5.2) it follows that there exist u\ G Ui, p{u'A = x' such, that 
u>(ui, ■■■,u' n ) = v! . Since is a section, then there exist a set Vi C M such, that 
fi(Vi) C Ui and x G Vi, x' G Vi. Therefore, the set 

v = nUVi 

is not empty, it is open in M and x G V, x' G V. Thus the map / is smooth and / 
is the section. □ 
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We can represent the operation using the diagram 




Theorem 5.4. oj ld is continuous on 



Proof. Let us consider a set Wk,u, where K is compact set of space M, U is open 
set of space £. We can represent set U as V x E, where V is open set of space M, 
K C V. uj-^V x E) = V x E n is open set. Therefore, 



(5.3) 



From (5.3) continuity of oj ld follows. 

Definition 5.5. Let A be J-algebra ([2]). 

from fiber A to bundle p[A] : A >■ M ■ 

A 

a = u)(ai, . 
then operation lu is defined on bundle 

a(x) = w(ai, ...,a n )(x) = 

We say that p[A] is a fibered 5-algebra. 



□ 



We can extend ^-algebraic structure 
If operation ui is defined on J-algebra 



u)(ai(x), 



..,a. 



□ 



Depending on the structure we talk for instance about fibered group, fibered 
ring, or vector bundle. 

Main properties of ^-algebra hold for fibered J-algebra as well. Proving appro- 
priate theorems we can refer on this statement. However in certain cases the proof 
itself may be of deep interest, allowing a better view of the structure of the fibered 
^-algebra. However properties of ^-algebra on the set of sections are different from 
properties of ^-algebra in fiber. For instance, if the product in fiber has inverse ele- 
ment, it does not mean that the product of sections has inverse element. Therefore, 
fibered continuous field generates ring on the set of sections. This is the advantage 
when we consider fibered algebra. I want also to stress that the operation on bundle 
is not defined for elements from different fibers. 

Let transition functions g e s determine bundle B over base N. Let us consider 
maps V e G N and Vg S N, V e CiVs ^ 0. Point q G B has representation (y,q e ) in 
map V e and representation (y,qs) hi map Vg. Therefore, 

Pa = fapipp) 
q e = g t s{qs) 

When we move from map U a to map Up and from map V e to map Vs , representation 
of correspondence changes according to the law 

{x,y,p a ,q e ) = {x,y,f al 3(p0),g e s(qs)) 

This is consistent with the transformation when we move from map U a x V e to map 
Up x V5 in the bundle A x B. 
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Theorem 5.6. Let transition functions f a p determine fibered^- algebra p[A] : A >■ M 

over base M. Then transition functions f a p are homomorphisms of algebra A. 

Proof. Let U a G M and Up G M, U a C\Up ^ $ be neighborhoods where fibered 3 1 
algebra is trivial. Let 

(5.4) ap = fp a (a a ) 

be map from bundle into bundle pL^JIt/^,. Let u> be ro-ary operation and 

points ei, e„ belong to fiber A x , x G t/i n J/2- Suppose 

(5.5) e = w(ei,...,e n ) 

We represent point e G pL4]|[/ Q as (x,e a ) and point eipL4]|[/ Q as (x,ei a ). We 
represent point e G p[^4]|f/^ as (x,ep) and point ej G p[-A]|e/b as (x, &ip). According 
to (5.4) 

(5.6) ep = fp a (e a ) 

(5.7) ap = fp a (e ia ) 

According to (5.5), the operation in the bundle A x over neihgborhood Up is 

(5.8) ep = cj(eip,...,e n p) 
Substituting (5.6), (5.7) into (5.8) we get 

//3a(e Q ) = u(fp a (ei a ), fp a (e na )) 
This proves that fp a is homomorphism of S'-algcbra. □ 

Definition 5.7. Let p[A] : A >■ M and p'[A'] : A' >■ M' be two fibered 

J-algebras. Fibered morphism 

f:A-*A' 

is called homomorphism of fibered 3-algebra if respective fiber map 

fx '■ A x — > A x , 

is homomorphism of ^-algebra A. □ 

Definition 5.8. Let p[A] : A >■ M and p'[A') : A' >■ M' be two fibered 

^-algebras. Homomorphism of fibered ^-algebras / is called isomorphism of 
fibered ^-algebras if respective fiber map 

fx '■ A x — > A x , 

is isomorphism of ^-algebra A. □ 

Definition 5.9. Let p[A] : A >■ M be an J-fibered F-algebra and A 1 be ^-sub- 
algebra of the 3-algcbra A. An fibered g-algebra p[A'] : A' >■ M is a fibered 

3-subalgebra of the fibered ^-algebra p[A] if homomorphism of fibered ^-algebras 
A' ^ A is fiber embedding. □ 

The homomorphism of fibered 3-algebra is essential part of this definition. We 
can break continuity, if we just limit ourselves to the fact of the existence of 3- 
subalgcbra in each fiber. 

We defined an operation based reduced Cartesian product of bundles. Suppose 
we defined an operation based Cartesian product of bundles. Then the operation 
is defined for any elements of the bundle. However, since pifli) = p(pi), i = 1, 
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ri, then p(u>(ai, a n )) = p(uj{b\, b n )). Therefore, the operation is defined 
between fibers. We can map this operation to base using projection. This structure 
is not different from quotient ^-algebra and does not create new element in bundle 
theory. The same time mapping between different maps of bundle and opportunity 
to define an operation over sections create problems for this structure. 

6. Representation of Fibered ^-Algebra 
Definition 6.1. We call the fibered map 

T :£^£ 

transformation of bundle, if respective fiber map 

• E x > E x 

is transformation of a fiber. □ 

Theorem 6.2. Let U be open set of base M such that there exists a local chart of 
the bundle p[E]. Let t be transformation of bundle p[E]. Let x £ M and p' = t x (p) 
in fiber E x . Then for an open set V C M , x £ V and for an open set W C E, 
p' £ W there exists an open set W C E, p £ W such that if x\ £ V , p\ £ W , then 

p[=t Xl ( Pl )£W'. 

Proof. According to [11], page 44, sets V x W, where V forms base of topology of 
space U and W forms base of topology of space E, form base of topology of space 
£. 

Since map t is continuous, then for open set V x W 1 there exists open set V x W 
such, that t(V x W) C V x W'. This is the statement of theorem. □ 

Theorem 6.3. Transformation of bundle p[E] maps section into section. 

Proof. We define the image of section s over transformation t using commutative 
diagram 

£ *- >£ 



M 

Continuity of map s' follows from theorem 6.2. □ 

Definition 6.4. Transformation of bundle is left-side transformation or T-k- 
transformation of bundle if it acts from left 

u = tu 

We denote *£ or *p[E] or the set of nonsingular T*-transformations of bundle 
p[E\. □ 

Definition 6.5. Transformations is right-side transformations or *T-trans- 
formation of bundle if it acts from right 

u = ut 

We denote £* or p[A]* the set of nonsingular *T-transformations of bundle p[E] . □ 
Wc denote e identical transformation of bundle. 
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Remark 6.6. Since we define T*-transformation of bundle by fiber, then set *£>[£/] 
is bundle isomorphic to the bundle p [*£?]. Since *E = E E , we can define compact- 
open topology in fiber. This gives us an ability to answer on question: how close are 
transformations, arising in neighboring fibers. Let us assume that transformations 
t(x), t(xi) are close if there exists open set Wk.u C E E . t(x) G Wk,u, t(xi) G 
W K ,u- □ 

Definition 6.7. Suppose we defined the structure of fibered ^-algebra on the set 
*p[A] ([2]). Let p[B] be fibered J-algebra. We call homomorphism of fibered 
algebras 

(6.1) / : p[B] - *p[A] 

left-side representation or T^-representation of fibered ^-algebra p[B]. □ 

Definition 6.8. Suppose we defined the structure of fibered ^-algebra on the set 
p[A]* ([2]). Let p[B] be fibered ^-algebra. We call homomorphism of fibered 
algebras 

f:p[B]->p[A]* 

right-side representation or *T-representation of fibered ^-algebra p[B]. 

□ 

Wc extend to bundle representation theory convention described in remark [5]- 
2.2.14. We can write duality principle in the following form 

Theorem 6.9 (duality principle). Any statement which holds for T-k-representation 
of fibered 5 -algebra p[A] holds also for *T -representation of fibered algebra p[A\. 

There are two ways to define a TV-representation of J-algebra B in the bundle 
p[A]. We can define or TV-representation in the fiber, either define T*-represen- 
tation in the set T(p[A]). In the former case the representation defines the same 
transformation in all fibers. In the later case the picture is less restrictive, however 
we do not have the whole picture of the diversity of representations in the bun- 
dle. Studying the representation of the fibered ^-algebra, we point out that rep- 
resentations in different fibers are independent. Demand of smooth dependence of 
transformation on fiber put additional constrains for IV-representation of fibered 
algebra. The same time this constrain allows learn T*-rcprcscntation of the fibered 
^-algebra when in the fiber there defined ^-algebra with parameters (for instance, 
the structure constants of Lie group) smooth dependent on fiber. 

Remark 6.10. Using diagrams we can express definition 6.7 the following way. 

e 

A 



M 




Map F is injection. Because we expect that representation of fibered J-algebra 
acts in each fiber, then we see that map F is bijection. Without loss of generality, 
we assume that M = M' and map F is the identity map. We tell that we define 
the representation of the fibered ^-algebra p[B] in the bundle p[A] over the set M. 
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Since we know the base of the bundle, then to reduce details on the diagram we 
will describe the representation using the following diagram 




M 



□ 

Theorem 6.11. Let T be T-k-representation of fibered ^-algebra A in bundle q[E]. 
Then for open set V C M, x e V and for open set Wk,u C E e , JF(a;,p) G Wk,u 
there exists open set W C A, p 6 W such that x\ € V , p\ € W as soon as 
^(x^pi) € W K ,u- 

Proof. The statement of theorem is corollary of continuity of map T and definition 
of topology of bundle A. □ 

Theorem 6.12. Let T be T-k-representation of fibered ^-algebra A in bundle q[E]. 
Let a be section of bundle A. Then for open set V C M, x £ V and for open set 
Wk,u C E e , T ld (a)(x) S Wk,u there exists open set W C A, a(x) e W such that 
x\ e V, a(xi) £ W as soon as J- ld (a)(xi) £ Wk,u- 

Proof. This is corollary of theorem 6.11. □ 

Definition 6.13. Suppose map (6.1) is an isomorphism of the fibered J-algebra 
p\B] into *p[A]. Then the T*-representation of the fibered algebra p[B] is called 
effective. □ 

Remark 6.14. Suppose the T*-represcntation of fibered J-algcbra A is effective. 
Then we identify a section of fibered ^-algebra A and its image and write T-k- 
transformation caused by section a G F(A) as 



Suppose the *T-representation of ^-algebra A is effective. Then we identify a 
section of fibered J-algebra A and its image and write *T-transformation caused 
by section a e T(A) as 

v' = va 

□ 

Definition 6.15. We call a T*-representation T of fibered J-algebra p[A] tran- 
sitive if T*-representation F x of 3-algebra A x is transitive for any x. We call 
a T*-representation of fibered J-algebra single transitive if it is transitive and 
effective. □ 

Theorem 6.16. Let set E be locally compact. A T-k -representation T of fibered 
algebra 

r[A] :A - - 

in the bundle 

p[E] : £ - - ^ M 
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is transitive if for any sections a,b £ T(£ ) exists such section g £ T(A) that 

b = T id {g)a 

Proof. Let o,i £ be sections. In fiber E(x), these sections define elements 

a(x), b{x) £ E(x). According to definition 6.15 g(x) £ A(x) is defined such that 

b{x) = P d {g{x))a{x) 

Let Um be open set of base M such that there exists a local chart of the bundle 
p[E], x £ Um- Let W C iJ is an open set, b(x) £ W. Then according to theorem 
6.2 there exists an open set W C E, a(x) £ W such that if .ti £ Um, a{xi) £ VK, 
then b{xi) =F A {g){xi){a{x 1 )) £ W. 

If closure W is compact, then let us assume K — W. Assume that closure W 
is not compact. Then there exists open set W(x), a(x) £ W(x) such that W(x) is 
compact. Similarly there exists open set W(xi), a(x\) £ W{x\) such that W(x{) 
is compact. Set V — W fl UM / (xi)) is open, a(x) £ 1/, a(xi) £ V, closure V 

is compact. Assume that K — V. 

Let U(x) be neighborhood of the set g(x)K. Let C/(xi) be neighborhood of the 
set g(xi)K. Assume that U = W U C/(x) U C/(xi). Then W K ,u C i? B is open set, 
^ id ( 5 )(x) £ W^ iC/) ^ id (.g)(x!) £ W^ iC/ . 

According to theorem 6.12 there exists open set S C A, g(x) £ S, g{x\) £ S. □ 

Theorem 6.17. Let set E be locally compact. A T* -representation T of fibered 5- 
algebra 

r[A] :A-->-M 

in the bundle 

p[E] : £ - - >■ M 

is single transitive if and only if for any sections a, b £ T(£) exists one and only 
one section g £ T(A) such that 

b = r d (g)a 

Proof. Corollary of definitions 6.13, 6.15 and theorem 6.16. □ 

7. Fibered Morphism 

Theorem 7.1. Let us consider fibered equivalence s[S] : S >- M on the bundle 

p[E] : £ >■ M ■ Then there exists bundle 

t[E/S]:£/S--^M 
called quotient bundle of bundle £ by the equivalence S. Fibered morphism 

nat5 : £ — > £/S 

is called fibered natural morphism or fibered identification morphism. 

Proof. Let us consider the commutative diagram 

(7.i) £ — — >-e/s 

N / 

\ / 

P[E] \ / t[E/S] 

M 
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We introduce in £/S quotient topology ([11], page 33), demanding continuity of 
mapping natiS. According to proposition [11J-I.3.6 mapping t[E/S] is continuous. 

Because we defined equivalence S only between points of the same fiber E, 
equivalence classes belong to the same fiber E/S (compare with the remark to 
proposition [11]-I.3.6). □ 

Let / : A — ► B be fibered morphism, base of which is identity mapping. Accord- 
ing to definition [7]-4.8 there exists inverse reduced fibered correspondence 
According to theorems [7]-4.7 and [7]-5.2 / _1 o / is 2-ary fibered relation. 

Theorem 7.2. Fibered relation S = f of is fibered equivalence on the bundle A. 
There exists decomposition of fibered morphism f into product of fibered morphisms 

f = Hj 

A/S *- >f(A) 



A ^B 

j = natiS is the natural homomorphism 

j(a) =j(a) 

t is isomorphism 



i is the inclusion mapping 



r(a)=t(j(a)) 
r(a) = i(r(a)) 



Proof. We verify the statement of theorem in fiber. We need also to check that 
equivalence depends continuously on fiber. □ 

8. Free T*-Representation of Fibered Group 

Mapping natS does not create bundle, because different equivalence classes are 
not homeomorphic in general. However the proof of theorem 7.1 suggests to the 
construction which reminds the construction designed in [12], pages 16 - 17. 

Definition 8.1. Consider T*-represcntation / of fibered group p[G) in bundle M.. 
A fibered little group or fibered stability group of h G T(A / () is the set 

Qh = {g e r(G) ■ f(g)h = h} 

□ 

Definition 8.2. T*-representation / of group G is said to be free, if for any x G M 
stability group G x = {e}. □ 

Theorem 8.3. Given free T-k-representation f of group G in the set A, there 
exist 1 — 1 correspondence between orbits of representation, as well between orbit of 
representation and group G. 

Proof. D 
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Let us consider covariant free TV-representation / of fibered group p[G] in fiber 
p[E]. This TV-representation determines fibered equivalence S on a[E], (p,q) G S 
when p and q belong to common orbit. Since the representation in every fiber is 
free, all equivalence classes are homeomorphic to group G. Therefore, the mapping 

nat<S is projection of the bundle nat<S[G] : £ ^£/S . We also use notation 

S = Q-k. We may represent diagram (7.1) in the following form 

£^ 

"~ ^ natS[G] 

! p[e] * £/S 

y ^ - t[E/S] 

M * 

Bundle nat<S[G] is called bundle of level 2. 

Example 8.4. Let us consider the representation of rotation group SO{2) in R 2 . 
All points except the point (0, 0) have trivial little group. Hence, we defined free 
representation of group SO{2) in set R 2 \ {(0, 0)}. 

We cannot use this idea in case of bundle p[R 2 ) and representation of fibered 
group t[SO(2)]. Let S be relation of fibered equivalence. The bundle p[R 2 \ 
{(0, 0)}]/t[SO(2)]* is not complete. As a consequence passage to the limit may bring 
into non-existent fiber. Therefore we prefer to consider bundle p[R 2 ]/t[SO{2)}*, 
keeping in mind, that fiber over point (a;, 0,0) is degenerate. □ 

We simplify the notation and represent this construction as 

p[E 2 ,Ei] :£ 2 --^£i--^M 

where we consider bundles 

p 2 [E 2 ] ■ £2 ^£1 Pi[Ei] : £ 1 >■ M 

Similarly we consider bundle of level n 

(8.1) p[E n ,...,E 1 ]:e n -->- ... --*Sl--*M 

The sequence of bundles (8.1) is called tower of bundles. I made this definition 
by analogy with Postnikov tower ([13]). Postnikov tower is the tower of bundles. 
Fiber of bundle of level n is homotopy group of order n. Such definitions are well 
known, however I gave definition of tower of bundles, because it follows in a natural 
way from the text above. 

One more example of tower of bundles attracted my attention ([14], [15], chapter 
2). We consider the set J°(n,m) of 0-jets of functions from R n to R m as base. We 
consider the set J p (n, m) of p-jets of functions from R n to R m as bundle of level p. 

9. Morphism of TV Representations of Fibered ^-Algebra 
Definition 9.1. Let us consider TV-representation 

T : A -> *V 
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M in bundle p[P] : V 



M and T*-rep- 



of fibered J-algebra a[A] : A — 
resentation 

G : b[B] - *q[Q] 
of fibered ^-algebra b[B] in bundle q[Q]. Tuple of mappings 

(9.1) ( C:A^B, TZ:V^Q ) 
such, that C is homomorphism of fibered ^-algebra and 

(9.2) K{T{a)m) = g(C(a))K(m) 

is called morphism of fibered T*-representations from T into Q. We also 
say that morphism of T*-representations of fibered ^-algebra is defined. □ 

We represent morphism of TV-representations of fibered 3-algcbra as diagram 

71 




Therefore morphism of T*-representations of fibered J-algebra is morphism of Tk- 
representations of ^-algebra in fiber. 

Theorem 9.2. Given single transitive Tk -representation 

T:A^*V 

of fibered $ -algebra a[A] : A >■ M in bundle p[P] '■ V >■ M and single tran- 
sitive T-k -representation 

G : b[B] -> *q[Q] 
of fibered algebra b[B] in bundle q[Q], there exists morphism 

( C:A->B, Tl-.V^Q) 

of fibered T-k -representations from T into g . 

Proof. Corollary of theorem 2.5 and definition 9.1. □ 
Theorem 9.3. Let 

T:A->*M 
be Tk -representation of fibered ^-algebra A, 

g-.B^*jv 
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be T-k -representation of fibered ^-algebra B, 

be T-k -representation of fibered $ -algebra C. Given morphisms of Tk-representations 
of fibered ^-algebra 

{U:A^B, V-.M^M) 
( V:B^C, Q-.AT^C ) 
There exists morphism of T-k-representations of ^-algebra 

( W:A^C, K:M->C) 

where W = IAV, JZ = VQ. We call morphism (W,7l) of fibered T-k-representations 
from T into Ti product of morphisms (U, V) and (V, Q) of ^-representa- 
tions of fibered ^-algebra. 

Proof. The mapping W is homomorphism of fibered ^-algebra A into fibered 
algebra C. We need to show that tuple of mappings (W,7l) satisfies (2.3): 

K{T{a)m) = QV{T{a)m) 

= Q(g(U(a))V(m)) 

= H(VU{a))QP(m)) 

= H(W(a))R(m) 



□ 



Theorem 9.4. Let 

T:A^*V 
be T-k -representation of fibered ^-algebra A, 

Q :B^*£ 

be T-k -representation of fibered $ -algebra B. Let 

( Tlx ■ A -> B, K 2 : V -> £ ) 
be morphism of fibered representations from J- into Q . Suppose 
Si = TZiTZ^ 1 S 2 = U 2 Tl 2 1 
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• s = kcr IZi is a congruence on A. There exists decompositions of homo- 
morphism 1Z\ 

(9.3) n 1 =i x T l j l 

J\ = nat s is the natural homomorphism 

(9.4) Ma)=Ma) 
T\ is isomorphism 

(9.5) n 1 {a)=r 1 {J 1 {a)) 
X\ is the inclusion mapping 

(9.6) fti(o)=2i(fti(a)) 

• S2 = ker 1Z 2 is an equivalence on T>. There exists decompositions of homo- 
morphism IZ2 

(9.7) K 2 = 1 2 T 2 J 2 
J 2 = nat 1S2 is surjection 

(9.8) J 2 {m)=J 2 (m) 
T 2 is bisection 

(9.9) Tl 2 (m) = T 2 {J 2 {m)) 
T 2 is the inclusion mapping 

(9.10) TZ 2 (m) =l 2 (U 2 {m)) 

• J-\ is T~k -representation of ^-algebra A/Si in T>/S 2 

• Q\ is T-k-representation of ^-algebra TZ\A in 1Z 2 T> 
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• There exists decompositions of morphism of representations 

(fti,ft2) = (Zi,Ta)Cri,ai)( 1 7i, l 7 2 ) 

Proof. From theorem 7.2 it follows the validity of diagrams (1), (2). We check the 
statement of theorem in fiber and it follows from theorem 2.10. □ 

10. Vector Bundle over Skew-Field 
To define T*-representation 

T : TZ^*V 

of fibered ring 1Z on the bundle V we need to define the structure of the fibered 
ring on the bundle *V. 

Theorem 10.1. T~k -representation T of the fibered ring 1Z on the bundle V is 
defined iff T-k -representations of fibered multiplicative and additive groups of the 
fibered ring 1Z are defined and these fibered T-k -representations hold relationship 

T(a(b + c)) = T{a)T(b) + T(a)T(c) 

Proof. Theorem follows from definition 6.7. □ 

Theorem 10.2. T-k-representation of the fibered skew field T> is effective iff T~k- 
representation of its fibered multiplicative group is effective. 

Proof. According to definitions 6.13 and 5.8 we check the statement of theorem in 
fiber. The statement of theorem in fiber is corollary of theorem [5]-4.1.3. □ 

According to the remark 6.14, since the representation of the fibered skew field 
is effective, we identify a section of the fibered skew field and T*-transformation 
corresponding to this section. 

Definition 10.3. V is a 2?*-vector bundle over a fibered skew field V if V is a 
fibered Abelian group and there exists effective T*-rcprcscntation of fibered skew 
field V. Section of X>*-vector bundle is called a Z?*-vector field. □ 

Theorem 10.4. Following conditions hold for T>-k -vector fields: 

• associative law 

(10.1) (ab)m = a(bfn) 

• distributive law 

(10.2) aim + n) = am + an 

(10.3) (a + b)m — am + bm 

• unitarity law 

(10.4) Vm = m 

for any a, b € r(2?) 7 m, n e T(V). We call T-k-representation Z?*-product of 
vector field over scalar. 

Proof. We check the statement of theorem in fiber and this statement is corollary 
of theorem [5]-4. 1.5. □ 

Definition 10.5. Let V be a V*- vector bundle over a fibered skew field T>. Subbun- 
dle N C V is a subbundle of V-k- vector space V if a + b E T(AT) and ka 6 T(Af) 
for any a, b G T(Af) and for any k eT(V). □ 
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Definition 10.6. Suppose u, v £ r(V) are 2?*-vector fields. We call vector field w 
2?*-linear composition of vector fields u and v when we can write w = au + bv 
where a and b are scalars. □ 

Remark 10.7. We extend to vector bundle and its type convention described in 
remark [5]-4.2.6. We assume that the fiber of 2?%-vector bundle is D**-vector 
space. □ 

11. Z?**-Basis of Vector Bundle 

Definition 11.1. Vector fields a a, a £ I of 2?**-vector bundle V are X>%-linearly 
independent if c = follows from the equation 

c%a = 

Otherwise vector fields a a are X>%-linearly dependent. □ 

Definition 11.2. We call set of vector fields e = ( a e, a £ I) & £>*»-basis for vec- 
tor bundle if vectors a e are I?** -linearly independent and adding to this system 
any other vector we get a new system which is 2?%-linearly dependent. □ 

Theorem 11.3. Ife is a T>**-basis of vector space V then any vector field v £ V 
has one and only one expansion 

(11.1) v = v**e 

relative to this T>* * -basis. 

Proof. We check the statement of theorem in fiber and this statement is corollary 
of theorem [5]-4.3.3. □ 

Definition 11.4. We call the matrix v in expansion (11.1) coordinate matrix 
of vector field v in 2?%-basis e and we call its elements coordinates of vector 
field v in Z?%-basis e. □ 

According to construction we execute all operation over vector field in fiber. 
Therefore we can use methods of theory of £>%-vcctor space in most cases. How- 
ever there is difference. Coordinate matrix as well coordinates of vector field is 
function of coordinates of point on the base. 4 This leads to different circumstances. 
For instance, £>*H,-linear dependence of vector fields in fiber is conditioned by the 
singularity of coordinate matrix of corresponding vectors. This is one of the reason 
why we have problem to define dimcntion when we consider 2?%-vector bundle over 
ring of sections T(T>). Considering 2?%-vector bundle as fibered representation, we 
get more flexibility in definition of 2?**-basis. 

Theorem 11.5. Set of coordinates a of vector field a relative T>* * -basis e forms 
T>* ^-vector bundle T> n isomorphic V* ^-vector bundle V. This T>* ^-vector bundle 
is called coordinate 2?%-vector bundle. This isomorphism is called fibered 
coordinate P%-isomorphism. 

Proof. Suppose vectors a and b S V have expansion 



^However I keep open the question about continuity of this function. 
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relative basis e. Then 

a + b = a**e + 6**e = (a + &)*,e 
ma = m(a**e) = (ma)*,e 
for any m £ D. Thus, operations in a vector bundle are defined by coordinates 

(a + b) a = a a + b a 
(ma) a = ma a 

This completes the proof. □ 

Since we defined linear composition in fiber the duality principle stated in theo- 
rems [5]-4.3.8, [5]-4.3.9 holds for vector bundles. 

12. 2?%-Linear Map of Vector Bundles 

Definition 12.1. Suppose A is 5%-vector bundle. Suppose B is T%-vector bundle. 
Morphism 

T:S — n-.A — ^B 

of T-k- representations of fibercd skew field in fibcred Abelian group is called (S* * , T* » )- 
linear map of vector bundles. □ 

By theorem 9.4 studying (5**, T%)-linear map we can consider case S = T. 

Definition 12.2. Suppose A and B are 2?%-vector bundles. We call map 

(12.1) U-.A^B 
2?*»-linear map of vector bundles if 

(12.2) H(a%m) = a*M{m) 

for any a a G T(D), a m G T(A). □ 

Theorem 12.3. Let f = ( a f, a G /) be a T>* *-basis of vector bundle A and 
e = (be, b G J) be a V* * -basis of vector bundle B. Then T>* * -linear map (12.1) of 
vector bundles has presentation 

(12.3) b = a\H 

relative to selected bases. Here 

• a is coordinate matrix of vector field a relative the T>**-basis f 

• b is coordinate matrix of vector field 

b = H{a) 

relative the T>* * -basis e 

• TL is coordinate matrix of set of vectors fields (7i( a f)) in T>* * -basis e called 
matrix of fibered £>**-linear map relative bases f ande 

Proof. Vector field a G T(A) has expansion 

a = a**/ 

relative to 2?%-basis /. Vector field b = f(a) G T(B) has expansion 

(12.4) b = b%e 
relative to 2?**-basis e. 
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Since H is a X>%-linear map, from (12.2) it follows that 

(12.5) b = H(a) = H{a*J) = a*Ji(f) 
'H(af) is also a vector field of vector bundle B and has expansion 

(12.6) H{ a J) = a H\e = a H b b e 
relative to basis e. Combining (12.5) and (12.6) we get 

(12.7) b = a\U\e 

(12.3) follows from comparison of (12.4) and (12.7) and theorem 11.3. □ 

On the basis of theorem 12.3 we identify the fibered 2?%-linear map (12.1) of 
vector spaces and the matrix of its presentation (12.3). 

Theorem 12.4. Let 

J=(af,ael) 
be a T>* *-basis of vector bundles A, 

1 = (be, b G J) 
be a T>* *-basis of vector bundles B, and 

g = ( c <7, c£l) 

be a V* * -basis of vector bundles C. Suppose diagram of V* ^-linear maps 

A -C 





B 

is commutative diagram where D* * -linear map T has presentation 

(12.8) b = a\T 

relative to selected bases and D* ^-linear map Q has presentation 

(12.9) c = b\Q 

relative to selected bases. Then D* * -linear map TL has presentation 

(12.10) c = a\T\Q 
relative to selected bases. 

Proof. Proof of the statement follows from substituting (12.8) into (12.9). □ 
Presenting D%-lincar map as %-product we can rewrite (12.2) as 

(12.11) {ka)\T= k(a%T) 

We can expres the statement of the theorem 12.4 in the next form 

(12.12) (a* ,G = a\{T* *£?) 

Equations (12.11) and (12.12) represent the associative law for £>**-linear maps 
of vector bundles. This allows us writing of such expressions without using of 
brackets. 

Equation (12.3) is coordinate notation for fibered 2?**-linear map. Based theo- 
rem 12.3 non coordinate notation also can be expressed using %-product 

(12.13) b = a%JF = a*„/%jr = a% T* ^e 
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If we substitute equation (12.13) into theorem 3.4, then we get chain of equations 
c = b**Q = b**e**G = b* \,Q* *g 
c = a *y — a */ »./- *y = a ^J- *y *g 
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15. Special Symbols and Notations 

p[A]*l s l Cartesian power A of bundle B 16 

B A Cartesian power A of set B 14 
V n coordinate £>**-vector bundle 31 

e = ( a e, a £ I) basis for X>*»-vector 
bundle 31 

e identical transformation of bundle 21 

£* set of nonsingular *T-transformations 

of bundle £ 21 
*£ set of nonsingular T*-transformations 

of bundle £ 21 

( T : A -> B, f : M -> N ) fibcred 
morphism from bundle A into B 15 

/ homomorphism of fibcred J-algebras 20 

Gh fibered little group of section h 25 
Qh fibered stability group of section h 25 

M* set of *T-transformations of set M 1 
* M set of T*-transformations of set M 1 

p[E] : £ M bundle 13 

p[E 2 ,£l] bundle of level 2 26 
p[E n , Ei] bundle of level n 26 
p[A]* set of nonsingular *T- 

transformations of bundle p[E] 21 
*p[E] set of nonsingular T*- 
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S identical transformation 1 

set of sections of bundle 13 

a[A] C b[B] fibered subset 16 
A C B subbundle 16 
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AjiexcaHflp KjieftH 



AHHOTAL(Ha. 3HaiHM0CTb TeOpeM 06 H30MOp(pH3MaX COCTOHT B TOM, 1TO OHH 
n03BOJT5IfOT OTOK^eCTBJIHTb pa3JIHHHBie MaTGMaTHHGCKHG oS'BeKTBI, HMefO]U;He 

HeiTO o6mee c totkh 3peHna HeKOTopoii MO^ejiH. 3Ta CTaTba H3yiaeT Mop- 
cpH3MBi T*-npe f nCTaBjieHHH ^-ajire6pBi h MopcpH3MBi T*-npe^;CTaBjieHHH pac- 
cjioeHHoii ^-ajire6pbi. 



3ia CTaTbH B03HHKJia Ha nepece^eHHH ,ziByx HCCJie,a,OBaHHH, KOTopbie a Bejjy na- 
pajuiejibHO. IlepBaH nojiOBHHa CTaTbH nocBameHa MopcpH3MaM T*-npe,ncTaB.neHHH 
3-ajire6pbi. BTopaa nanoBima CTaTbH paccMaTpHBae-T Mop(pH3Mbi T*-npe,n;cTaBjie- 
Hii paccjioeHHoii 3-ajire6pbi. PaccMaTpHBaeMbie KOHCTpyKiiHH bo3hhkjih b pe3yjib- 

TaTe HSy^eHHfl -D%-JIHHeHHbIX OTo6pa}KeHHH, KOTOpbie HBJIHIOTCH MOp(|)H3MaMH 

T*-npeflCTaBJieHHii Tejia b a6ejieBOH rpynne. IIoaTOMy h Hcnojib3yro D* ^-jivmem- 
Hbie OTo6pa»ceHHfl b xa^ecTBe HJijnocTpainiH H3JiaraeMOH Teopira. 

1. IlPEflCTABJIEHPIE J-AJirEBPL>I 

Onpe,n;ejieHHe 1.1. Mm 6yn,eM Ha3MBaTb OTo6pa»ceHHe 

i : M -> M 

npeo6pa30BaHHeM MHoacecTBa M. □ 

Onpe,a;ejieHHe 1.2. Ilpeo6pa30BaHHe Ha3biBaeTca JieBocTopoHHHM npeo6pa3o- 
BaHHeM hjih T^-npeo6pa30BaHHeM, ecjin oho ^eiicTByeT cjieBa 

u = tu 

Mm 6yn,eM o6o3HanaTb *M MHOJKecTBO T*-npeo6pa30BaHHii MHO»cecTBa M . 

Ecjih Ha MHOJKecTBe M onpe,n,e.neHa CTpyKTypa i3-ajire6pbi ([2]), to mhojkcctbo 
*M coctoht H3 T*-npeo6pa30BaHHH, HBjiflioiiiHxcs roMOMop(pH3MaMH f)-ajire6pbi. 

□ 

Onpe^ejieHHe 1.3. Ilpeo6pa30BaHHe Ha3biBaeTca npaBOCTopoHHHM npeo6pa- 
30BaHHeM hjih ★T-npeo6pa30BamieM, ecjin oho jj,encTByeT cnpaBa 

u' = ut 

Mm 6yfleM o6o3HanaTb M* mho^kgctbo *T-npeo6pa30BaHHH MHoacecTBa M . 

Ecjih Ha MHoacecTBe M onpe^ejieHa CTpyKTypa i3-ajire6pbi ([2]), to mhojkgctbo 
M* coctoht H3 *T-npeo6pa30BaHHii, hbjihiohihxch roMOMop(pH3MaMH i^-ajire6pbi. 

□ 

Mm 6yi;eM o6o3HanaTb S to^kjj^gctbghhog npeo6pa30BaHne. 
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Mop(pH3M T-k-npeflCTaBjieHHH 



Onpe^ejieHHe 1.4. ITycTb Ha mho^kgctbg *M onpe^ejieHa erpyKTypa 3-ajire6pM 
([2]). IlycTb A HBJiaeTCfl 3-ajire6poii. Mm 6yn,eM Ha3MBaTb roMOMopcpH3M 

(1.1) f:A^*M 

jieBOCTopoHHHM hjih T*-npe,n;cTaBJieHHeM ^-ajire6pti A b MHOxcecTBe M 

□ 

Onpe^ejieHHe 1.5. IlycTb Ha MHOJKecTBe M* onpe^ejieHa CTpyKTypa 3-ajire6pbi 
([2]). IlycTb A flBJiaeTCH 3'-ajire6poH. Mm 6yn,eM Ha3MBaTb roMOMop(pn3M 

f:A-> M* 

npaBOCTopoHHHM hjih *T-npe,n;cTaBJieHHeM 3-ajire6pbi A b MHoacecTBe M 

□ 

Mm pacnpocTpaHHM Ha Teopnio npe,n,CTaBJieHHH corjianieHHe, onncaHHoe b 3a- 
Me^aHHH [5J-2.2.14. Mm MoaceM 3amicaTb npHHinin ^bohctb6hhocth b cjieflyromeii 
(popMe 

TeopeMa 1.6 (npHHinin ^bohctbghhocth) . JIw6oe ymeepotcdeHue, cnpaeedjiueoe 
djiM, T-k-npedcmaeAenuM $-ajize6pu A, 6ydem cnpaeedAueo djix *T -npedcmaejiewuM, 
'S-ajize6pu A. 

^HarpaMMa 
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f 




I 


1 



M 



03HaHaeT, hto mm paccMaTpnBaeM npe^CTaBJieHne 3-ajire6pM A. OTo6pa»ceHHe 
f{a) aBJiaeTca o6pa30M a £ A. 

Onpe,n,ejieHHe 1.7. Mm 6ya;eM Ha3MBaTb T*-npe,iiCTaBjieHHe 3-ajire6pM A scp- 
cpeKTHBHBiM, ecjin OTo6pa:*ceHHe (1.1) - H30MopcpH3M ^-ajire6pM A b *M. □ 

3aMenaHue 1.8. Ecjih T*-npe#CTaBJieHHe 3-ajire6pM scpcpeKTHBHO, mm MoaceM otojk- 
flecTBJiHTb sjieMeHT 3"-aJire6pM c ero o6pa30M h 3anncMBaTb T*-npeo6pa30BaHHe, 
nopojK^eHHoe sjieMeHTOM a £ A, b cpopMe 

V = av 

Ecjih *T-npe,a;cTaBjieHHe 3-ajire6pM 9(p(peKTHBH0, mm mojkem OTO»c,a;ecTBjiflTb 3Jie- 
MeHT J-ajire6pM c ero o6pa30M h 3anHCMBaTb *T-npeo6pa30BaHHe, nopoacfleHHoe 
sjieMeHTOM a £ A, b (popMe 

v' = va 

□ 

Onpe/jejiemie 1.9. Mm 6yn,eM Ha3MBaTb T*-npe,n,CTaBJieHHe 3-ajire6pbi TpaH3H- 
thbhbim, ecjiH ^,jiH jiio6mx a, b £ V cymecTByeT TaKoe g, ito 

a = f(g)b 

Mm 6ya;eM Ha3MBaTb r*-npe,a;cTaBjieHHe $-&jiTe6pbi oflHOTpaH3HTHBHbiM , ecjin 

OHO TpaH3HTHBHO H SCpCpeKTHBHO. □ 
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AjiexcaH^p KjieHH 
Mop(j)H3M T-k-npe^CTaBJieHiia 



TeopeMa 1.10. T^-npedcmaejienue odHompaH3umueHO mozda u moAbKO mozda, 
Kozda djiM jiw6ux a,b G M cyinecmeyem odno u mojibno odno g G A manoe, nmo 
a = f(g)b 

,U,OKa3amejibcmeo. Cne,xi,CTBHe onpe^ejieHHii 1.7 h 1.9. □ 

Ecjih Ha MHO»cecTBe M onpe,n;ejieHa flonojiHHTejibHafl CTpyKTypa, mm npe^iflB- 
jiaeM k npe,a;cTaBjieHHio 3-ajire6pM flonojiHHTejibHbie Tpe6oBamiH. 

IlycTb Ha MHOJKecTBe M onpe^ejieHa CTpyKTypa ajire6pbi una $). Tor^a mm 
nojiaraeM, ito T*-npeo6pa30BaHiie 

u' = f(a)u 

flBjiaeTCH aBTOMopcpH3MOM ajire6pbi Tuna Sj jih6o OTpaxaeT chmmgtphh ajire6pbi 
Tnna ft. 

Ecjih Ha MHoacecTBe M onpejjejieHO noHHTiie HenpepMBHOCTH, to mm nojiaraeM, 
ito T*-npeo6pa30BaHHe 

u = f(a)u 
HenpepMBHO no u h, cjie^OBaTejibHO, 

du' 



du 

2. MOP<5H3M T^-nPEflCTABJlEHHH #-AJirEBPBI 

TeopeMa 2.1. Ilycmb A uB - $-ajize6pu. T-k-npedcmaejieHue$-ajize6pu B 

f : B —> *M 

u zoMOMop(ftu3M $-ajize6pu 

(2.1) h:A^B 

onpedejifimm T^-npedcmaejienue $-ajize6pu A 

A *- *M 





B 

fl,OKa3amejibcmeo. OTo6pa»ceHHe h HBJiaeTCH roMOMop(pH3MOM ^-ajireGpbi A b 5- 
ajire6py *M, Tax KaK OTo6pa»ceHHe / HBJiaeTCH roMOMop(pii3MOM 3-ajire6pM B b 
3-ajire6py *M. □ 

Ecjih mm H3ynaeM npe^CTaBjiemie 3-ajire6pM b MHOJKecTBax M h N, to Hac 
HHTepecyiOT OTo6pa»ceHHH H3 M b N, coxpaHHioiinie erpyKTypy npeflCTaBjiemiH. 

Onpe^ejieHHe 2.2. PaccMOTpHM T^-npe^CTaBJieHHe 

f : A—> *M 
3 1 ajire6pM A b M h T*-npe,a;cTaBjieHHe 

g : B -> *N 
5 ; -ajire6pM B b N. Ilapa OTo6pa»ceHHH (r, R) 
(2.2) r:A >■ B R : M N 
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AjiexcaHflp KjieHH 
Mopcj3ii3M T-k-npe/fCTaBJieHHH 



TaKHx, hto r - roMOMopcJ)H3M 3 L ajire6pM h 

(2.3) R(f(a)m) = g(r(a))R(m) 

Ha3biBaeTCH MopcpH3MOM T*-npeflCTaBJieHHH H3 fug. Mm TaK»ce 6y^eM ro- 
BopnTb, hto onpe^ejieH MopcpH3M T*-npeflCTaBJieHHH 3-ajire6pbi. □ 

3aMeHanue 2.3. PaccMOTpiiM Mop(pii3M T*-npe,iiCTaBjieHHH (2.2). Mm MO»ceM 060- 
3HaHaTb sjiGMGHTM MHOJKecTBa B, nojib3yacb 6yKBOH no o6pa3ny b G B. Ho ecjin 
mm xothm noKa3aTb, hto b HBJifleTca o6pa30M sjieMeHTa a G A, mm 6yn,eM nojib30- 
BaTbca o6o3Ha x ieHneM r(a). TaKHM o6pa30M, paBeHCTBO 

r(a) = r(a) 

03HaHaeT, hto f(a) (b jieBoii ^acra paBGHCTBa) asjiaeicsi o6pa30M a G A (b npaBoii 
^acra paBeHCTBa). IIojib3yHCb noflo6HMMH coo6pa»ceHHflMH, mm 6yn,eM o6o3Ha x iaTb 
sjieMeHT MHoacecTBa N b Bii^,e R(m). Mm 6y^eM cjie^OBaTb STOMy corjiamemiK), 
H3yHafl cooTHOineHHH Me»c^y roMOMop(pn3MaMH ^-ajire6p h OTo6pa»ceHHflMH Mex- 
py MHOJKecTBaMH, r,n;e onpe^ejieHM cooTBGTCTByiomHG T*-npe,iiCTaBjieHHfl. 
Mm MoaceM HHTepnpeTiipoBaTb (2.3) ^ByMH cnoco6aMH 

• IlycTb T*-npeo6pa30BaHHe /(a) OTo6pa»caeT m G M b f(a)m. Tor^a T-k- 
npeo6pa30BaHHe g(r(a)) OTo6pa»caeT R(m) G N b R(f(a)m). 

• Mm MOJKeM npe^CTaBHTb Mop<pH3M npeflCTaBjieHnii 113 / b j, nojib3yacb 
fliiarpaMMoft 




H3 (2.3) cjie/iyeT, hto .zniarpaMMa (1) KOMMyraTiiBHa. 

□ 

TeopeMa 2.4. PaccMompuM T-k-npedcmaejienue 

f : A^*AI 

$-ajise6pu A u T-k-npedcmaejienue 

g:B->*N 

$-cuize6pu B. Mop$u3M 

h : A B H : M N 

T-k-npedcmaejieHuu U3 f e g ydoejiemeopnem coomHomenuw 

(2.4) H{u(f(ai), .... f(a n ))m) = uj(g(h(ai)), g(h(a n )))H(m) 

djiM, npou3eojibHou n-apnou onepav^uu u> '$-ajize6pu. 
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AjiexcaH^p KjieHH 
Mopcj)H3M T-k-npeppTasjienim 



JJoKa,3amejibcm60. Tax xax / - roM0MOpcpH3M, mm hmggm 

(2.5) H(uj(f(a 1 ),...,f(a n ))m)=H(f(u J (a 1 ,...,a n ))m) 
lis (2.3) h (2.5) cjie^yeT 

(2.6) H(uj(f( ai ), f{a n ))m) = g(h(u(a 1} a n )))H(m) 
Tax xax /i - roMOMop(pH3M, H3 (2.6) cue^yeT 

(2.7) ff(w(/(oi), /K))m) = ff («(h(oi), .... %„)))ff(m) 

TaK Kax 5 - roMOMop(pH3M, H3 (2.7) cjie^yeT (2.4). □ 
TeopeMa 2.5. Ecjiu T-k-npedcmaeAenue 

f:A^*M 

$-ajize6pu A odnompan3umueno u T-k-npedcmaeAenue 

g:B^*N 

^-ajize6pu B odnompan3umueno, mo cyuyecmeyem Mop$u3M 

p : A ^ B P:M *- N 

T-k-npedcmaeAenuu U3 f eg. 

,]IoKa3ameAbcmeo. Bbi6epeM roMOMop(pH3M h. Bbi6epeM sjieMeHT m € M h 3Jie- 
mght n G N. Hto6m nocTpoHTb OTo6pa»ceHHe H, paccMOTpnM cjieflyiomyio fliia- 
rpaMMy 

M 




□ 



H3 KOMMyTaTHBHOCTH ^iiarpaMMM (1) cjie^yeT 

H(am) = p(a)H(m) 

^jra npoH3BOJibHoro to' € M o^HOSHa^HO onpe^eneH a € A Taxoii, hto to' = am. 
Cjie,a;oBaTejibHO, mm nocTponjiH OTo6pa»ceHHH H, KOTopoe y^oBjieTBopaeT paBeH- 
CTBy (2.3). 

TeopeMa 2.6. Ecjiu T-k-npedcmaeAenue 

f :A^*M 

$-aAze6pu A odnompan3umueno, mo Oaji ak>6ozo aemoMopq^u3Ma $-aAze6pu A cy 
utficmeyem MopcjiusM 

p : A A P:M >■ M 



T-k-npedcmaeAenuu U3 f e f. 
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AjiexcaHflp KjieHH 
Mopcj3ii3M T-k-npe/fCTaBJieHHH 



JloKa3amejibcmeo. PaccMOTpuM cneflyiomyio fliiarpaMMy 




yTBepjK^eHHe TeopeMM HBJiaeTCH cne^CTBueM TeopeMM 2.5. □ 
TeopeMa 2.7. Ilycmb 

f : A^*M 

T-k-npedcmaejienue $-ajize6pu A, 

g:B->*N 

T-k-npedcmaeAenue $-a,Aze6pu B, 

h:C -^*L 

T-k-npedcmaeAenue $-a,Aze6pu G . Ilycmb onpedejienu M,optf)U3MU T-k-npedcmaejie- 
huu $-a,Aze6pu 

p : A B P:M *- N 

q:B Q-N 

Tozda onpedejien Mop<fiu3M T-k-npedcmaejienuu $-a,Aze6pu 

r : A >- C R:M >- L 

zde r = qp, R = QP . Mu 6ydeM na3ueamb Mopq)U3M (r, R) T-k-npedcmaejienuu 
U3 f e h npoH3Be^eHHeM MopcpH3MOB (j>, P) h (q, Q) T*-npe,n,CTaB.jieHHH 3- 
ajire6pbi. 

JIoKa3amejibcmeo. OTo6pa»ceHHe r flBjiaeTca roMOMopcpn3MOM 3 r -ajire6pM 4bJ- 
ajire6py C . HaM Ha,n;o noxasaTb, hto napa OTo6pa»ceHHH (r, R) yflOBjieTBopaeT 
(2.3): " 

R(f(a)m) = QP(f(a)m) 

= Q(g(p(a))P(m)) 
= h(qp(a))QP(m)) 
= h(r(a))R{m) 

□ 

IIpe^CTaBJieHHH h Mopdpn3MM npeflCTaBJieHHH 3-ajire6pM nopojKflaiOT KaTero- 
pHio npe,a;cTaBjieHHH 3 r -ajire6pM. 

Onpe,n;ejieHHe 2.8. IlycTb Ha mhojkgctbg M onpe,n;ejieHa SKBiiBajieHTHOCTb S. T-k- 
npeo6pa30BaHne / Ha3biBaeTCH corjiacoBaHHtiM c SKBHBajieHTHOCTbio S, ecjin 
H3 ycjiOBHH mi = ?7i2 (mods') cne^yeT fmi = /m2(mod5). 
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AjiexcaH^p KjieHH 
Mopcj)H3M T-k-npe^CTaBJieHiia 



Teopeiia 2.9. Bycmb na MHoatcecmee M onpedejiena aKeueajieHmuocmb S. Ilycmb 
na MHOCHcecmee *M onpedejiena $-ajize6pa. Ecjiu T-k-npeo6pa3oeaHUJi cozjiacoean- 
nu c 9KeueaAeHmHocmbw S , mo mu mookcm onpedejiumb cmpyKmypy $-ajize6pu 
na MHOCHcecmee *(M/S). 

JJoKa3amejibcmeo. IlycTb h = nat S. Ecjih mi = m2(modS), to h(mi) = h{rri2)- 
IlocKOJibKy / G *M corjiacoBaHHO c SKBHBajieHTHOCTbio S, to h{f{m{)) = h(f(m,2))- 
9to no3BOJiaeT onpe^ejiHTb T*-npeo6pa30BaHHe F coraacHO npaBHJiy 

F([m}) = h(f(m)) 

IlycTb uj - n-apHaa onepannfl 3-ajire6pbi. IlycTb /i, /„ G *M h 

F 1 {[m]) = h{h{m)) ... F n ([m]) = h(f n (m)) 

Mm onpe,n;ejiHM onepannio Ha mho^kgctbg *(M/S) no npaBHJiy 

u(Fi, F n )[m] = /i(cj(/i, f n )m) 

9to onpe^ejieHiie KoppeKTHO, Tax xax cu(fi, /«) G *M h corjiacoBaHHO c skbh- 

BajieHTHOCTbK) S. □ 

TeopeMa 2.10. Ilycmb 

f:A^*M 

T-k-npedcmaejieuue $-ajize6pu A, 

g:B^*N 

T-k-npedcmaejienue $-ajize6pu B. Ilycmb 

r : A B R : M N 

Mopq^u3M npedcmaejienuu U3 f eg. Boaochcum 

s = rr" 1 S = RR~ l 

Tozda 3am, omo6paotceHuu r, R cyuificmeywm pa3AootceHusi, nomopue mochcho onu- 
camb duazpaMMoii 
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AjiexcaHflp KjieHH 
Mopcj3ii3M T*-npep,CTaBJieHHH 



• s = kcr r jieAMemcM Kompyam^ueu na A. Cyuificmeyem pa,3JioatceHue zo- 

M0M0p<pU3Ma r 

(2.8) r = itj 

j = nat s - ecmecmeeHHUu zoMOMopcjiusM 

(2.9) j(a)=j(a) 

t - U30M0p(f)U3M 

(2.10) r(a)=t(j(a)) 
i - ejWMceuue 

(2.11) r(a) = i(r{a)) 

• S — kcr R M6AMemcji aKeueajieHrrmocmbw na M. Cyuificmeyem pa,3Jiootce- 
uue omo6paaKeHUM R 

(2.12) R = IT J 
J = nat S - cmpneKV,UM 

(2.13) J{m) = J(m) 
T - dueni^UM 

(2.14) R(m) = T{J{m)) 
I - eAOCHcemie 

(2.15) R{m) = I{R{m)) 

• F - T-k-npedcmaejienue $-ajize6pu A/s e AI/S 

• G - T-k-npedcmaejienue $-ajize6pu rA e RM 

• Cyuificmeyem pa3JiootceHue Mop(f)U3Ma npedcmaejienuu 

(r,R) = (i,I)(t,T)(j, J) 

JIoKa3amejibcmeo. CymecTBOBamie AnarpaMMbi (1) cne^yeT H3 TeopeMbi II. 3. 7 ([8], 
c. 74). CymecTBOBaHne AiiarpaMMbi (2) ciieflyeT H3 TeopeMbi 1.3.1 ([8], c. 28). 

Mm HaHHeM c fluarpaMMbi (4). 

IlycTb mi = 77i2 (mod S). Cue^OBaTejibHO, 

(2.16) R(m 1 )=R(m 2 ) 
Ecjih ai = 02 (mods), to 

(2.17) r(ax)=r(a 2 ) 

Cjie^OBaTejibHO, j(ai) = ji^s)- Tax xaK (r,R) - MopcpH3M npe,a,CTaBJieHHH, to 

(2.18) R(f( ai ) mi ) = g(r(ai))R(mi) 

(2.19) R{f(a 2 )m 2 ) = g(r(a 2 ))R(m 2 ) 
Hs (2.16), (2.17), (2.18), (2.19) cjie^yeT 

(2.20) R{f( ai ) mi ) = R{f(a 2 )m 2 ) 
H3 (2.20) cjie^yeT 

(2.21) /(fli)mi = f(a 2 )m 2 (modS) 
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AjiexcaH^p KjieHH 
Mop(j)H3M T-k-wpeppTasjienim 



h, cjieflOBaTejibHO, 

(2.22) J(f(ai)mi) = J(f(a 2 )m 2 ) 
Ife (2.22) cne^yeT, hto OTo6pa»ceHHe 

(2.23) F(j(a))(J(m)) = J(f(a)m)) 

onpe^ejieHO KoppeKTHO h ABjiaeTca T*-npeo6pa30BaHneM MHO»cecTBa M / S. 

Ife paBGHCTBa (2.21) (b cny^ae a\ = a 2 ) cue^yeT, ito rjisi jiio6oro a T*-npe- 
o6pa30BaHne corjiacoBaHHO c SKBHBajieHTHOCTbio S. H3 TeopeMbi 2.9 cjie^yeT, hto 
Ha MHO»cecTBe *(M/S) onpe^,ejieHa CTpyKTypa 3-ajire6pM. PaccMOTpHM n-apHyro 
onepan;Hio u> h n T*-npeo6pa30BanHH 

F(j(ai))J{m) = J(f(ai)m)) i = 1, ...,n 

npocTpaHCTBa M/S. Mm iiojiojkhm 

oj(F(j( ai )),...,F{j(a n )))J(m) = J(w(/(oi), f(a n )))m) 

Cjie^OBaTejibHO, OTo6pa>K6HHe F HBJiaeTCH npe^CTaBJieHiieM 3-ajire6pM A/s. 
H3 (2.23) cne^yeT, hto (J, J) flBJiaeTca MopcpH3MOM npe^CTaBJiemiH f u F. 
PaccMOTpHM ^narpaMMy (5). 

Tax Kax T - 6iieKn;HH, to mm mojkgm OTOJKflecTBHTb sjigmghtm MHOJKecTBa M / S 
h MHOJKecTBa MR, npn^eM sto otok^gctbjighhg hmggt bh,u; 

(2.24) T{J{m)) = R{m) 

Mm mojkbm 3anncaTb T*-npeo6pa30BaHHe F(j(a)) MHoacecTBa M/S b Bii,n,e 

(2.25) F(j(a)) : J(m) ^ F(j(a))J(m) 

Tax KaK T - 6ii6KniLH, to mm mojkgm onpe,n;ejiHTb T*-npeo6pa30BaHHe 

(2.26) T(J(m)) -> T(F(j(a))J(m)) 

MHO»cecTBa RM . T*-npeo6pa30BaHHe (2.26) 3aBHCiiT ot j(a) £ A/s. Tax xax t - 

6lieKirHH, TO MM MO}KeM OTOJKfleCTBHTb 3JIGMGHTM MHOJKeCTBa A/.S H MHOJKeCTBa 

rA, npn^eM sto OTOJKflecTBjieHHe hmggt bh,u; 

t(j(a))=r(a) 

Cjie^,OBaTejibHO, mm onpe^ejimiii OTo6pa»ceHHe 

G:rA^ * RM 

corjiacHO paBGHCTBy 

(2.27) G(t(j(a)))T(J(m)) = T(F(j(a))J(m)) 
PaccMOTpHM n-apHyro onepaipiio to h n T*-npeo6pa30BaHHii 

G(r(a t ))R(m) = T(F(j(a l ))J(m)) i = 1, n 

npocTpaHCTBa RM . Mm iiojiojkhm 

w(G(r(a 1 )),...,G(r(a n )))ie(m)=T(w(F(i(a 1 ) ) ...,FO-(a„)))J(m)) 

CorjiacHO (2.27) onepan,HH u) KoppeKTHO onpe^,ejieHa Ha MHO»cecTBe *RM. Cne^o- 
BaTejibHO, OTo6pa»ceHHe G HBjraeTCH npeflCTaBJieHiieM 3-ajire6pM. 

Ife (2.27) cne^yeT, hto (t,T) HBjiaeTca Mop(pH3MOM npe^CTaBjieHHii F h G. 

^narpaMMa (6) HBjiaeTca caMMM npocTMM cjiy^aeM b HaineM ,a;0Ka3aTejibCTBe. 
IlocKOJibKy OTo6pa»ceHHe / HBjiaeTCH bjiojkghhgm h flHarpaMMa (2) KOMMyTaTHBHa, 
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AjiexcaHflp KjieHH 
Mopcj3ii3M T-k-npe/fCTaBJieHHH 



mm MoaceM OTOJK,i;ecTBHTb ii 6 iV i i?(m), ecnii n & ImR. AiiajiorHHHO, mm mojkem 
OTOJK,i;ecTBHTb cooTBGTCTByiomHG T*-npeo6pa30BaHHH. 

(2.28) g'(i(r(a)))I(R(m)) = I(G(r(a))R(m)) 

c.( 5 '(r(a 1 )),..., ff '(r(a„)))i?(TO)=/(^(G(r(a 1 ),...,G(r(a n )))i?(™)) 
Cjie,u;oBaTejibHO, sBjiaeTCH Mop(pii3MOM npe^CTaBjieHiiii G h g. 

JXjisi ^OKa3aTejibCTBa TeopeMM ocTajiocb noKa3aTb, hto onpe^ejieHHoe b npouecce 
^,OKa3aTejibCTBa T*-npe^,CTaBJieHHe g' coBna^,aeT c npe^,CTaBJieHHeM g, a onepauHH 
Hafl npeo6pa30BaHHAMH coBna^aiOT c cooTBeTCTByioiiniMH onepainiHMii Ha *N. 



g'(i(r(a)))I(R(m)) 



I(G(r{a))R(m)) 

I(G(t(j(a)))T(J(m))) 

IT(F(j(a))J(m)) 

ITJ(f(a)m) 

R(f(a)m) 

g(r(a))R{m) 



corjiacHO (2.28) 
corjiacHO (2.10), (2.14) 
corjiacHO (2.27) 
corjiacHO (2.23) 
corjiacHO (2.12) 
corjiacHO (2.3) 



w(G(r(ai)), G(r(a n )))R(m) = T{Lo(F{ : j( ai ), F(j(a n ))) J(m)) 

= T(F(oj(j(a 1 ),..., J (a n )))J(m)) 
= T(F(j(u(a 1 ,...,a n )))J(m)) 
= T(J(f(u(ai, ...,a n ))m)) 



□ 



H3 TeopeMM 2.10 cue^yeT, hto mm mojkcm CBecra sa^a^y nsy^eHiifl Mop(pii3Ma 
T*-npe,n;cTaBjieHHH 3-ajire6pM k cnyiaio, oniiCMBaeMOMy fliiarpaMMoii 



(2.29) 




10 



AjiexcaH^p KjieHH 
Mop(j)H3M T-k-wpeppTasjienim 



TeopeMa 2.11. JJuaspaMMa (2.29) Mootcem 6umb donojiHena T*-npedcmaejieHU- 
eM F\ $-ajize6pu A e MHoatcecmee Mj S man, umo duazpaMMa 



(2.30) 




M/S 



M/S 



KOMMymamueua. IIpu amoM Muootcecmeo T*-npeo6pa3oeaHuu T-k-npedcmaejieuuM, 
F u MHOCHcecmeo T-k-npeo6pa3oeaHuu T-k-npedcmaejienusi F\ coenadawm. 

JHoKaaamejibcmeo. Jinn flOKa3aTejibCTBa TeopeMM ^ocTaTOHHO nojicoKHTb 

F 1 (a)=F(j(a)) 

Tax Kax OTo6pa»ceHHe j - ClopbeKiiHH, to Im.Fi = ImF". Tax kbr j h F - roMOMop- 
(pH3Mbi 3-ajire6pbi, to Fi - Taitsce roMOMop<pii3M 3 L ajire6pbi. □ 

TeopeMa 2.11 3aBepinaeT h,hkji TeopeM, nocBHin,eHHMx CTpyKType Mop(pH3Ma T-k- 
npe,a;cTaBjieHHH J-ajire6pbi. H3 sthx TeopeM cjie^yeT, ito mm MoaceM ynpocniTb 
sa^a^y H3yHeHiiH Mop(pH3Ma T*-npe,ii;cTaBjieHHH 5'-ajire6pM 11 orpaHHHHTbCH Mop- 
(J)H3mom T*-npe^CTaBJieHHH BH^a 



id: A- 



A 



N 



R: M - 

B 3tom cjiynae mm MoaceM OTOJKflecTBHTb MopcpiOM (id, R) T^-npeflCTaBjieHiiii 
ajire6pM h OTo6pajKeHHe R. 

Onpe^ejieHHe 2.12. IlycTb 

/ : A -> *M 

TW-npeflCTaBjiemie 3 L ajire6pM A b fj-ajire6pe M h 

g : B *N 

T*-npeflCTaBJieHne 3 L ajire6pbi B b 5>ajire6pe N . MopcpiOM (h, H) T*-npeflCTaBJie- 
hhh ajire6pbi una $ Ha3MBaeTCH MopcpH3MOM T*-npe^i;cTaBJieHHH J-ajireGpBi 
b f}-ajire6pe. □ 

3. D**-JIHHEHHOE OTOBPA>KEHHE BEKTOPHblX nPOCTPAHCTB 

Onpe^ejieHHe 3.1. LTycTb A - S'**-BeKTopHoe npocTpaHCTBO. LTycTb B - T%- 
BeKTopHoe npocTpaHCTBO. Mm 6yn,eM Ha3MBaTb Mop(pii3M 



f-S 



T 



A: A' 



B 



T*-npeflCTaBJieHHii Tejia b a6ejieBoii rpynne (S* t , T**)-jiHHeHHBiM OTo6paHce- 

HH6M BeKTOpHBIX IipOCTpaHCTB. □ 

CorjiacHO TeopeMe 2.10 npn ioyHeHHH (5**, T%)-jiHHeiiHoro OTo6pa»ceHHfl mm 
mojkbm orpaHH^HTbca cjiy^aeM S — T. 
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Onpe,n;ejieHHe 3.2. ITycTb A H B - -D**-BeKTopHbie npocTpaHCTBa. Mm 6yjj;eM 
Ha3MBaTb OTo6pa»ceHHe 

(3.1) A:A^B 

£>**-JiHHeiiHbiM OTo6pa:*ceHHeM BeKTopHbix npocTpaHCTB, ecjin 1 

(3.2) A~(o*Jn) = a**A(m) 

fljia jiio6bix a a € D, a rn £ A. □ 

TeopeMa 3.3. Ilycmb f = ( a f,a £ I) - D**-6a3uc e eenmopnoM npocmpancmee 
A ue = (be, b £ J) - D**-6a,3uc e eenmopnoM npocmpancmee B. Tozda £>**- 
jiuneunoe omo6pawcenue (3.1) eeKmopnux npocmpancme UMeem npedcmaejienue 

(3.3) b = a\A 
omnocumejibno 3adannux 6a3ucoe. 3decb 

• a - Koopdunamnaji Mampuup eenmopa a omnocumejibno D* st -6a3uca f 

• b - Koopdunamnaji Mampuup, eenmopa 

b = A(a) 

omnocumejibno D*\-6a3uca e 

• A - Koopdunamnaji Mampuup, Mnootcecmea eeizmopoe (A( a f)) e D* \-6a3uce 
e, Komopyw mu 6ydeM na3ueamb Maipniieii £>%-jiHHeHHoro oTo6pa- 
aceHHH omnocumejibno 6a3ucoe f ue 

fl,OKa3amejibcmeo. BeKTop a € A HMeeT pa3Jio»ceHHe 

a = a**/ 

OTHOCHTejibHO -D%-6a3nca /. BeKTop b = f(a) £ B HMeeT pa3Jio»ceHHe 

(3.4) b=b%e 

OTHOCHTejibHO D**-6a3Hca e. 

Tax Kax A - _D%-jiHHeimoe OTo6pa»ceHHe, to Ha ocHOBaHHH (3.2) cue^yeT, hto 

(3.5) b = A(a) = A(a*J) = a\A{j) 

A( a f) TaiaKe BeKTop BeKTopHoro npocTpaHCTBa B h HMeeT pa3Jio»ceHHe 

(3.6) A(J) = a A\e = a A b b e 
OTHOCHTejibHO 6a3Hca e. Kom6hhhpyh (3.5) h (3.6), mm nojiynaeM 

(3.7) 6 = a%A%e 

(3.3) cjie^yeT H3 cpaBHemra (3.4) h (3.7) h TeopeMM [5]-4.3.3. □ 

Ha ocHOBaHHH TeopeMM 3.3 mm H^eHTHCpHHiipyeM -D%-jiHHeiiHoe OTo6pa»ceHHe 
(3.1) BeKTopHMx npocTpaHCTB h MaTpniry ero npeji,CTaBJieHHfl (3.3). 

TeopeMa 3.4. Ilycmb 

7 = (o7) a £ I) 
D**-6a3uc e eenmopnoM npocmpancmee A, 

1 = (be, b £ J) 



'BbipajKemie a%A(m) 03HaiaeT BupajKeHHe a a A( a m) 
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D**-6a,3uc e eenmopuoM npocmpaucmee B, u 

V = {eg, c e L) 

D**-6a,3uc e eenmopuoM npocmpaucmee C. TlpednoAOOKUM, umo mu UMeeM kom- 
MymamueHyw duazpaMMy D* ^-auhcuhux omo6paotceuuu 

A - 




B 

zde D* ^-Auueuuoe omo6paotceuue A UMeem npedcmaeAeuue 

(3.8) b = a\A 

omuocumeAbuo 3adauuux 6a3ucoe u D* ^-Auueiiuoe omo6paotceuue B UMeem nped- 
cmaeAeuue 

(3.9) c = b\B 

omuocumeAbHO 3adauuux 6a3ucoe. Tozda D* ^-Auueuuoe omo6pacnceuue C UMeem 
npedcmaeAeuue 

(3.10) c=a\A\B 
omuocumeAbuo 3adauuux 6a,3ucoe. 

/^OKa3ameAbcmeo. ^OKa3aTejibCTBO yTBepjKfleHHfl cjie^yeT H3 no^CTaHOBKH (3.8) b 
(3.9). □ 

3anncbiBafl -D%-jiHHeiiHoe OTo6pa»ceHHe b cpopMe **-npoH3Be,a;eHHH, mm mojkgm 
nepenHcaTb (3.2) b Bii,n;e 

(3.11) {ka)\A = k(a\A) 
yTBepjK^eHiie TeopeMM 3.4 mm MoaceM 3anncaTb b Bn^e 

(3.12) {a\A)\B = a\(A\B) 

PaBGHCTBa (3.11) h (3.12) npeflCTaBjiaiOT co6oii 3&koh accoi^HaTHBHocTH flJia 

£>**-JIHHeHHBIX OTo6pa>KeHHH BeKTOpHblX npOCTpaHCTB. 3TO n03BOJIHeT HaM 

nncaTb no^o6Hbie BbipajKeHira He nojib3yacb CKo6KaMH. 

PaBeHCTBO (3.3) HBjiaeTCH KOopflimaTHoii 3anHCbio -D%-jiHHeHHoro OTo6pa»ce- 
Hia. Ha ocHOBe TeopeMM 3.3 6ecKOop,i];HHaTHafl 3aniicb Taxace mo^kst 6biTb npe,a;- 
CTaBjieHa c noMOin,bio %-npon3Be,a;eHHfl 

(3.13) b = a* *A = o**/**j4 = a**A%e 

Ecjih noflCTaBHTb paBeHCTBO (3.13) b TeopeMy 3.4, to mm nojiymM uenoHKy pa- 

BeHCTB 

c = b\B = b\e\B = b\B\g 

c — a — a *j *-ri *ij — a */i *-£> *cj 

3aMe%auue 3.5. Ha npiiMepe Z?%-jiHHeHHbix OTo6pa»ceHHii jierxo BH^eTb HacKOJib- 
ko TeopeMa 2.10 o6jier x iaeT HaiiiH paccyjK,i;eHHH npn loyHeHHii MopcpH3Ma T-k-upefl,- 
CTaBJieHHii 3-ajire6pM. ^oroBopiiMCH b paMKax SToro saMenaHHH Teopnio D**-jih- 
HGHHbix OTo6pa»ceHHH Ha3MBaTb coKpameHHoft Teopneii, a Teopiiio, irajiaraeMyio b 
3tom 3aMeHaHHH, Ha3MBaTb pacnmpeHHOH Teopiieii. 
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IlycTb A - S'**-BeKTopHoe npocTpaHCTBO. IlycTb B - T*»-BeKTopHoe npocTpaH- 

CTBO. ITyCTb 

f:S *■ T A : A ^B 

(S 1 **, T**)-JiHHefiHoe OTo6pa»ceHHe BeKTopHbix npocTpaHCTB. IlycTb / = ( a /, a € 
I) - S***-6a3HC b bgktophom npocTpaHCTBG A h e = (be, b € J) - T*»-6a3nc b 
BeKTopHOM npocTpaHCTBe B. 

H3 onpe^ejieHHH 3.1 h 2.2 cjie^yeT 

(3.14) b = A(o) = A(a*J) = f(a)%A(f) 

A( a f) TaK»ce bgktop BGKTopHoro npocTpaHCTBa B h hmggt pa3Jio»c6HH6 

(3.15) A{ a J) = a A\e = a A b b e 
OTHOCHTejibHO 6a3Hca e. KoM6iiHiipyH (3.14) h (3.15), mm nanynaeM 

(3.16) b = f(a)\A\e 
IlycTb C - Z?**-BeKTopHoe npocTpaHCTBO. IlycTb 

9-T >- D B:B >C 

(T%, D**)-jiHHeiiHoe OTo6pa»ceHHe BeKTopHbix npocTpaHCTB. IlycTb h = { a h,a £ 
K) - £>%-6a3iic b bgktophom npocTpaHCTBG C. Tor,n;a, corjiacHO (3.16), npoiOBe- 
fleHHe (<?**, T%)-jiiiHeimoro OTo6pa»ceHHfl (/, A) h (T%, Z?%)-jiimeHHoro OTo6pa- 

JKGHHH (g, B) HMGGT BHfl 

(3.17) c = gf(a)**g(A)**B*Ji 

ConocTaBJieHiie paBeHCTB (3.10) h (3.17) noKa3MBaeT HacKOJibKO pacciinipeHaH Teo- 
pira jiHHeiiHbix OTo6pajKeHHii cjiojKHee coKpain,6HHOH TeopnH. 

ITpn hgo6xo,h;hmocth mm mojkgm nojib30BaTbca pacciinipeHoii Teopiieii, ho mm He 
nojiy^HM hobmx pe3yjibTaTOB no cpaBHeHHio co cjiynaeM coKpameHHOH Teopnen. B 
to >Ke BpeMfl o6njiHe ^eTajieii ,n;ejiaeT KapTiray MeHee achoh h Tpe6yeT nocTOSHHoro 

BHHMaHHfl. □ 

4. Paccjioehhe 
/^onycTHM M - MHoroo6pa3iie h 
(4.1) p[E]:S--^M 

paccjioeHne Ha# M co cjioeM E. 2 Chmboji p[E] 03HanaeT, hto E ABJiaeTCH thiiihhhm 
cjioeM paccjioeHHfl. MHOJKecTBO £ HBjraeTCH o6jiacTbio onpeflejiemiH OTo6pa»ceHHfl 
p[E]. MHoacecTBO M HBjiaeTCH o6jiacTbio SHa^eHHH OTo6pajKeHHH p[E\. Mm 6yn;eM 
OTOJKflecTBjiHTb HenpepMBHoe OTo6pajKeHnep[i?] h paccnoeHiie (4.1). OTo6pa»ceHHe 
p Ha3MBaeTCH npoeiciiHeH paccjioeHHH £ B,n;o.nB> cjioh E. 06o3HaHHM ^epe3 
T(p[E]) MHO»cecTBO c6H6hhh paccnoeHKH p[E\. 



2 TaK KaK MHe npHfleTca HMeTB flejio c pa3jiHiHBiMH paccjioeHHaMH, a 6yfly nojiB30BaTBca 
cjTeflyfomHM corjianieHneM. ,H,Jia o6o3HaHeHHa paccjioeHna h cjioa a Sy^y nojiB30BaTBca o^hoh h 
toh ace 6yKBoii b pa3HBix ajicpaBHTax. 
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Onpe,n;ejieHHe 4.1. IIpocTpaHCTBO Ha3MBaeTca jioKajitHo KOMnaKTHHM b toh- 

Ke p, ecjiH cymecTByeT OTKpbiToe mho^kgctbo U , p £ U , 3aMMKaHne KOToporo U 

KOMnaKTHO. IIpOCTpaHCTBO Ha3bIBaeTCH JIOKajIBHO KOMnaKTHBIM, eCJIH OHO JIO- 

KajibHO KOMnaKTHO b KajK^oii CBoeii TO^Ke. 3 □ 

Onpe,n;e.jieHHe 4.2. IlycTb ,i;aHbi TonojiorHH T\, T2 b mhojkgctbg X. ToBopaT, hto 
7i MajKopnpyeT T2 h hto T2 MajKopnpyeTca 7{ , ecjin to^k^gctbghhog OTo6pa»c6HH6 
X\ — > X2, vpfi Xi - mhojkgctbo X, Ha,a;6Ji6HHOG Tononornen 7J, i — 1,2, HenpepbiB- 
ho. Ecjih 7[ 7^ 72, to roBopaT, ^to 7j CHJibHee 72 h 72 cjia6ee 7{. □ 

IlycTb Tonojiornfl T[ b MHoacecTBe X MajKopnpyeT TonojiornK) 72. PaccMOTpnM 
flnarpaMMy 

X! 




CornacHO onpe^ejieHHio 4.2, ecjin OTo6pa»ceHHe /1 - HenpepbiBHO, to HenpepbiBHO 
OTo6pajKeHHe fa. AHanornHHO, ecjiH OTo6pajKeHHe 32 - HenpepbiBHO, to HenpepbiBHO 
OTo6pa»ceHH6 g±. 

IlycTb p[E] : £ >■ M - paccjioeHHG. PaccMOTpnM OTKpbiToe MHOJKecTBO U C 

M TaKoe, hto cymecTByeT jiOKajibHaa TpHBHajiH3aniiH ip 



U x E ■ 



£\ 



U 



p[E] 



TaK KaK ip roMeoMop(pH3M, to Tonojiornn b U x E h £\u cpaBHHMbi. TaK KaK U x E 
- fleKapTOBO npoH3Be,iieHHe Tonanorn^ecKnx npocTpaHCTB U n E, to mm onpe^ejinM 
b £\u cjia6enniyio H3 Tonojiornn, npn kotopmx HenpepbiBHa npoeKuna p[E] ([11], 
c T p. 37). 

OTHonieHne r b £ TaKoe, mo (p, q) £ r Tor,n;a n TOJibKO Tor,i;a, Kor,n;a p h q 
npHHa,n;jiejKaT o^HOMy cjioio, HBjiaeTCH OTHonieHneM SKBHBajieHTHOCTn. p[E] - ecie- 
CTBeHHoe OTo6pajKeHne. PaccMOTpnM ^narpaMMy 

a 




H3 HenpepbiBHOCTH OTo6pa»ceHHH / cjie^yeT HenpepbiBHOCTb OTo6pa»ceHHH g. Cne- 
^OBaTejibHO, mm MOJKeM onpe^ejiHTb b M (paKTopTonojiornio, cnjibHeiiniyio H3 to- 
nojiornii, npn kotopmx p[E] HenpepbiBHO ([11], CTp. 39). 

JJ^eKapTOBa cTeneHt A MHoxcecTBa B - sto MHO»cecTBO B A OTo6pa»ceHHH 
/ : A—y B ([8], CTp. 18). PaccMOTpnM no^MHOJKecTBa B A BH,a;a 

Wk,v = if ■ A -> B\f(K) c U} 



H cjieflyio onpeflejieHHio H3 [4], c. 71. 
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r%e K - KOMnaKTHoe iio^mhojkgctbo npocTpaHCTBa A, U - OTKpbiToe no,a;MHO>Ke- 
ctbo npocTpaHCTBa B. MHoacecTBa Wk,u o6pa3yiOT 6a3HC Tonojiornn npocrpaH- 
CTBa B A . 3t& Tonojioriifl Ha3MBaeTCH KOMnaKTHO-OTKptiTOH TonojiorneH. JIp- 
KapTOBa CTeneHb A MHOJKecTBa B, CHa6»ceHHaH KOMnaKTHO-OTKpbiToii Tonajiornen 
Ha3biBaeTCH, npocTpaHCTBOM OTo6paHceHHH ([9], CTp. 213). 

CorjiacHO [9], CTp. 214 fljia flaHHbix npocTpaHCTB A, B, C, D n OTo6pa»ceHHH 
/ : A — > C, g : D — > B mm onpeflejiHM Mop<pn3M npocTpaHCTBa OTo6pajKeHHfi 

gf : D c - B A 

paBeHCTBOM 

g f (h) = fhg h:C^D gf \h) :A -+ B 

TaKHM o6pa30M, Mop(pn3M npocTpaHCTBa OTo6pa»ceHHH mojkho npe,a;cTaBHTb c no- 
Moinbio ,a;iiarpaMMbi 




3aMenaHue 4.3. Mhojkectbo T(£) hbjihgtch iio^mho>kgctbom MHoacecTBa £ M . Ylo- 
3TOMy mm MOJKeM nepeHecTn Ha mhojk6ctbo ceneHnii noHaraa, onpeflejieHHbie fljin 
npocTpaHCTBa OTo6pa»ceHHH. MHOJKecTBa Wk,u mm onpe^ejiHM cne^yromiiM o6pa- 

30M 

W K ,u = {f eT(£)\f(K)cU} 
T^e K - KOMnaKTHoe no^MHoacecTBO npocTpaHCTBa M, U - OTKpbiToe no^MHOJKe- 
ctbo npocTpaHCTBa £. □ 

3aMenaHue 4.4. 51 nojib3yiocb CTpejiKoii > Ha ^narpaMMe ,h;jih o6o3HaneHHH 

npoeKunn paccjioeHHA. □ 

3aMenaHue 4.5. 51 nojib3yiocb CTpejiKoii ■>■ Ha ^narpaMMe pjin o6o3HaneHHH 

ceneHHH paccjioeHna. □ 

Onpe,n;e.jieHHe 4.6. PaccMOTpnM paccjioeHna 

p[A] :A--^M 

H 

q[B] :B--*N 

Ilapa OTo6pa>KeHHH 

(4.2) ( T : A -+ B, f:M->N) 

TaKHx, hto ^narpaMa 

A 

I I 

I P[A] I q[B] 

Y t Y 

M 

KOMMyTaraBHa, Ha3MBaeTca paccnoeHHtiM MopcpH3MOM H3 paccjioeHna A B 
B. OTo6pa»ceHHe / Ha3MBaeTCH 6a3oft OTo6pa»ceHHa T. OTo6pa»ceHHe T Ha3bi- 
BacTca jiHcpTOM OTo6pa»ceHHH /. □ 
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Teopeiia 4.7. Ecjiu omo6paoKeHue f - 6ueKV ) u}i, mo omo6paoKeHue T onpedejinem 
Mop(f>u3M T' npocmpancme ceneHuu T{p[A\)) e T{q[B])) 

A ^B u 1 = T j l (u) = Tuf~ x 



M *- N 

JJoKa,3amejibcmeo. Hto6m ,ii;0Ka3aTb HenpepbiBHOCTb u', ^ocTaTO^HO ,o;oKa3aTb Henpe- 

pblBHOCTb / . Ho 3TO OHeBHflHO, TaK KaK / HenpepblBHaH 6HeKD,HH. 

Mm 6yo,eM nonaraTb, hto Ha MHoacecTBax r(p[A])) h T(q[B])) onpe^ejieHa to- 
nojiorira corjiacHO saMe^aHHio 4.3. PaccMOTpnM ce^eHHH u, v G r(p[A])), u' = 
(u), v' = (v!) TaKne, hto cymecTByeT Wl,v C r(g[i3])), r^e L - KOMnaKT- 
Hoe no,n;MHO>KecTBO npocTpaHCTBa N, V - OTKpbiToe no,n;MHO)KecTBO npocTpaHCTBa 
B, u', v' € Wl,v- Tax KaK / - HenpepbiBHaa 6iieKniifl, to K = f (L) - KOMnaKT- 
Hoe no^MHO»cecTBO npocTpaHCTBa M . TaK KaK T - HenpepbiBHO, to U = J-^iV) - 
OTKpbiToe noflMHO»cecTBO npocTpaHCTBa A. 

CorjiacHO nocTpoeHHio 

(4.3) u'f = Tu 
H3 (4.3) cue^yeT 

(4.4) Tu{K) = u'f(K) = u'(L) C V 
H3 (4.4) cjie^yeT 

(4.5) u(K) c T~ X V = U 

Ife (4.5) cjie^yeT u € Wk,u- AHajiornnHO ,n,OKa3MBaeTCfl, hto vl E Wk,u- Cjie^OBa- 

TejIbHO, flJIH OTKpblTOrO MHOJKeCTBa Wl,V MM HaiHJIH OTKpblTOe MHOJKeCTBO Wk,u 

TaKoe, hto J-f (Wk,u) C Wl.v- 3to ,ziOKa3MBaeT HenpepbiBHOCTb OTo6pa»ceHHfl 

□ 

Ecjih / = id, to icP 1 = id. IloaTOMy MopcpH3M npocTpaHCTB ceneHHii mm 6yn;eM 
o6o3HanaTb J- ld . O^eBn^HO 

T id {u)=Tu 

Onpe^ejieHHe 4.8. IlycTb a[A] : A >■ N n b[B] : B >■ M - pacanoemiH. 

IlycTb paccjioeHHbra Mop<pH3M ( T : A — > B, f : M — > N ) onpe^ejieH ^narpaM- 
Moii 

A ^B 

I i 

I a[A] | b[B] 

Y t V 

N »- M 

Tjifi OTo6pa»ceHHfl T h f hhtdGkthbhm. Tor,n;a mm Ha3MBaeM paccjioeHne a [A] pac- 
cjioeHHbiM noflMHoacecTBOM hjih no,a;paccjioeHHeM paccjioeHHH b[B\. Mm 6y- 
fleM TaK>Ke nojib30BaTbCH 3anncbK) a[A] C b[B] jih6o A C B. 

He Hapyniaa o6hi,hocth, mm MOJKeM nojiaraTb A C B, N C M. □ 

PaccMOTpnM paccjioeHHH 

p[A] :A--*~M 
17 



AjiexcaHflp KjieHH 
Mopcj3ii3M T-k-npe/fCTaBJieHHH 



q[B] :B-->N 

/JeicapTOBa CTeneHb A paccjioeHHH B - sto MHO»cecTBO q[B] p ^ paccjioeHHbix 

MOp(pH3MOB 

( T : A^ B, f-.M^-N) 
B iiaHHMH MOMeHT r He BHJKy KaK onpe^ejiHTb erpyKTypy paccjioeHHH b aexapTO- 
boh CTeneHH paccjioeHHH. Xoth hjih 3a;iaHHMx m £ M, n £ N r Mory paccMOTpeTb 
.nexapTOBy CTeneHb B n Am . Onnpancb Ha TeopeMy 4.7, mm MoaceM onpejjejiHTb oto6- 
pa»:eHHe 

/ : q[B} p W -> T(B) r{A) 

PaccMOTpHM no,a;MHOJKecTBa Wk.u C r(S) r ^, r,n;e K - KOMnaKTHoe no^MHOJKecTBO 
ce^eHHii paccjioeHHH A, U - OTKpbiToe no^MHOJKecTBO ceneHHii paccjioeHHH B. Mho- 
»cecTBa Wk.u o6pa3yiOT 6a3nc Tonojiornn npocTpaHCTBa r(S) r ^^. Mm Bbi6epeM 
caMyio cjia6yio Tonojiornio b (7[-B] p ^, npn KOTopofi OTo6pa>KeHHe / HenpepbiBHO. 

Mm paccMOTpejiH CTpyKTypy OTKpbiToro MHO»cecTBa ceneHHii paccjioeHHH B b 
3aMenaHHH 4.3. Tax xax MHO»cecTBO ceneHHii paccjioeHHH A hbjihbtch MHO»cecTBOM 
OTo6pa»ceHHH, to mm mojkbm ncxaTb no,n;o6He TeopeMM Apn,ejia jj;jih aHajiH3a, ([3], 
CTp. 110), hto 6m OTBeTHTb Ha Bonpoc, Peoria sto MHoacecTBO hbjihctch KOMnaKT- 
hmm. Ha ^aHHOM STane h stot Bonpoc ocTaBjinio otkpmtmm. 

CorjiacHO [9], CTp. 214 jj,jih iiaHHbix npocTpaHCTB A, B, C, D h OTo6pa»ceHHH 
/ : A — > C, g : D — > B mm onpejj,ejiHM Mop(pH3M npocTpaHCTBa OTo6pa»ceHHH 

( T : A -► B, f : M -> N ) . D c ^ B A 

paBeHCTBOM 

g f (h) = fhg h:C^D g* (h) :A -+ B 

TaKHM o6pa30M, MopcpH3M npocTpaHCTBa OTo6pa;«eHHH mojkho npe,a;cTaBHTb c no- 
Monibio flHarpaMMbi 

A- 

g f {h) 



5. Paccjioehhah ^-AJirEEPA 
Onpe/jejieHHe 5.1. n-apHan onepainia Ha paccjioeHHH p[E] - sto paccjioeHHbiii 

MOp(pH3M 

T : £ " -> £ 

n - 3to apHOCTb onepau;HH. 0-apHan onepauHH - sto ceneHne paccjioeHHH p[A]. □ 




18 



AjiexcaH^p KjieHH 
Mop(j)H3M T-k-npe^CTaBJieHiia 



OnepaniiH Ha paccnoeHiiii mojkct 6biTb npe,a;cTaBjieHa ^narpaMMoii 

£ n 



/ \ 
/ \ 

/ 

pi Q...Q p 

\ / 
\ / 

M >■ M 

TeopeMa 5.2. ITycmb U - omnpumoe Mnootcecmeo 6a3u M , u nail cywficmeycm 
mpueuaAU3av i UM, paccjioeuuM, p[E] . Ilycmb x £ M. Ilycmb u> - n-apnaji onepau^un 
na paccjioenuu p[E] u 

W(pi,...,p n ) =P 

e cjioe E x . Tozda cyuificmeywm omnpumue MHOCHcecmea V C U , W C E, W\ C 
E\, W n C E n man-lie, nmo x G V, p G W, pi G Wi, p n G W^, w djw aw6ux 
x' G V, p' G W Pi w7 cyuificmeywm p[ G Wi, G W„ manue, nmo 

e CAoe E x > . 

,IfoKa3amejibcmeo. CorjiacHO [11], CTp. 58, MHoacecTBa Bn^a V x W, rp,e V npnHa^;- 
jiejKHT 6a3Hcy TonojiorHH npocTpaHCTBa U n W npHHa^jie>KHT 6a3ncy Tonojiornn 
npocTpaHCTBa E, o6pa3yiOT 6a3HC TonojiorHH npocTpaHCTBa £. AHajiorn^HO mho- 
jKGCTBa BH,n;a V x Wi x ... x W n , r,a;e V npHHafljiejKHT 6a3ncy TonojiorHH npocTpaH- 
CTBa U h Wi, W n npHHa,a;jiejKaT 6a3ncy TonojiorHH npocTpaHCTBa E, o6pa3yiOT 
6a3HC TonojiorHH npoerpaHCTBa £ n . 

Tax Kax OTo6pa»ceHHe u> HenpepbiBHO, to pjin OTKpbiToro MHO»cecTBa V x W 
cymecTByeT OTKpbiToe MHoacecTBO S C £ n TaKoe, hto ujS C V x W. IlycTb x' G V. 
Bbi6epeM npoH3BOJibHyio TO^Ky (x' ,p') G u>S. Tor,a;a cymecTByiOT Taxne p[ G E x >, 

■■; Pn e E x>, HTO 

w(Pl>->Pn) =P' 

b cjioe E x i, CorjiacHO CKa3aHHOMy Bbiine cymecTByiOT MHoacecTBa R, R' , npiraa^,- 
jiejKamne 6a3ncy Tonanornn npoerpaHCTBa U, h MHoacecTBa Ti, T n , T[, T r ', 
npHHafljiejKamHe 6a3Hcy Tonojiornn npocTpaHCTBa E, Tame, ^to x £ R, x' £ R', 
Pi G Ti , p[ G T x ', p n G T„, j/ B G T n , RxT 1 x...xT n C S, R'xT{x ... x T' n C 5. 
TeopeMa #OKa3aHa, Tax Kax Wi = Ti U Tj', W n = T n U T T ' - OTKpbiTbie MHoace- 

CTBa. □ 

TeopeMa 5.2 roBopiiT o HenpepbiBHOCTH onepannn u>, o,a;HaKO 9Ta TeopeMa Hiraero 
He roBopHT o MHoacecTBax W\, W n . B nacTHOCTH, 3th MHoacecTBa MoryT 6biTb 

He CBfl3HbIMH. 

Ecjih Tonojiorna Ha cjioe A - ^HCKpeTHa, to mm MOJKeM nojiojKHTb W = {p}, 
Wi = {pi}, W n = {p-n}- Bo3HHKaeT omymeHHe, ^to b oxpecTHOCTH V onepau,Ha 
He 3aBHCHT ot cjioh. Mm 6y,n;eM roBopHTb, hto onepaE;HH uj jioxajibHO nocTOHHHa. 
OflHaxo Ha paccjioeHHH b ijejiOM ycjiOBHe nocTOHHCTBa MO»ceT 6biTb HapynieHO. Tax 
paccjioeHne Ha,n; OKpyjKHOCTbio co cjioeM rpynnbi u;ejibix nnceji mojkbt OKa3aTbca 
HaKpbiTneM OKpyjKHOCTH R — > S 1 ^eiicTBHTejibHOH npaMoii, onpeflejieHHbiM (pop- 
Myjioii p(t) = (sin t, cost) ^jih jno6oro t G R. 
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PaccMOTpHM ajibTepHaTHBHyio TOHKy 3peHHH Ha HenpepMBHOCTb onepannH u>, 
hto6m jiyqnie noHHTb 3HaHeHHe HenpepbiBHOCTH Ecjih mm xothm noxasaTb, hto 

6eCKOH6HHO Majlbie H3M6H6HHH OnepaH^OB npH ^BmK6HHH BflOJIb 6a3bl npHBOflHT k 

6ecKOHeHHO MajiOMy H3MeHeHHio onepauioi, HaM Haflo nepeiiTH k ce-HeHHHM. 9tot 
nepexo,n; ,n;onycTHM, Tax KaK onepauHH Ha paccjioeHHH onpe,a;ejieHa nocjioiiHO. 

Teopeivia 5.3. n-apuasi onepav^uM ua paccjioenuu omo6paoKaem cenenuji e cenenue. 

/^OKa3ameAbcmeo. ^onycTHM f\, f n - ceneHHH h OTo6pa»ceHHe 

(5.1) / = ^' d (/i, fn) : M —¥ £ 
onpe,a;ejieHO paBeHCTBOM 

(5.2) f(x)=uj(f 1 (x),...,f n (x)) 

IlyCTb X G M H U = f(x). IlyCTb U - OKpeCTHOCTb TOHKI U B o6jiacTH 3HaHeHHii 

OTo6pa»ceHHH /. 

Tax Kax u> HenpepbiBHoe OTo6pa»ceHHe, to coraacHO [11], CTp. 58, pjisi jno6oro 
3HaHeHHH i, 1 < i < n b o6jiacTH 3HaneHHH cghghhh fi onpe,a;ejieHO OTKpbiToe 
MHO»cecTBO Ui TaKHM o6pa30M, hto n™=i Ui otkpmto b o6jiacTH 3HaHeHHii ceneHHA 
(/i> •••> fn) paccjioemifl £ n h 



IlyCTb u' G U. IlocKOJibKy / - OTo6pa»ceHHe, cymecTByeT x' € M TaKaa, hto 
f{x') = u' . Ha ocHOBaHHH paBGHCTBa (5.2) cymecTByioT v! i G Ui, p{u[) = x' Tarae, 
hto u>(u'i, u' n ) = v! . TaK KaK fi ceneHHe, to cymecTByeT OTKpbiToe b M MHO»ce- 
ctbo Vi TaKoe, hto filVi) C Ui h x G VI, x' G V^. Cjie,n,OBaTejibHO, mho>k6ctbo 

V = 

HenycTO, otkpmto b M h x G V, x' G V. Cjie^OBaTejibHO OTo6pa»ceHHe / Henpe- 

PMBHO H HBJIfleTCfl ceneHHeM. □ 

OnepauHH Ha paccjioeHHH MO»ceT 6biTb npe^CTaBJieHa ^narpaMMOH 




TeopeMa 5.4. uj ld nenpepuena na T(£). 

fl^oKaaameAbcmeo. PaccMOTpHM MHoacecTBO Wk,Ui r,n,e K - KOMnaKTHoe noflMHO- 
jkgctbo npocTpaHCTBa M, U - otkpmtog - no^MHOJKecTBO npocTpaHCTBa £ . Mho- 
»cecTBO U mm MOJKeM npe,n;cTaBHTb b BH,a;e V x E, rpp V - otkpmtog mhojkcctbo 
npocTpaHCTBa M, K C V . lo^ 1 (V x E) = VxE n flBJiaeTCH otkpmtmm mhojkgctbom . 
Cjie^,OBaTejibHO, 

(5.3) (u^WKyxE = W K ,VxEn 

H3 (5.3) cjie^yeT HenpepMBHOCTb ui ld . □ 
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Onpe,n;ejieHHe 5.5. ITycTb A hbjihgtch ^-ajireGpoii ([2]). Mm mcckem nepeHecra 

5^-ajire6paHHecKyio CTpyKTypy co cjioa A Ha pacanoeHiie p[A] : A *• M ■ Ecjih 

Ha S r -ajire6pe A onpeflejieHa onepainiH w 

a = w(ai, a n ) 
to Ha paccjioeHHH onpe,n,ejieHa onepainia u> 

a(x) = uj(ai, ...,a n ){x) = u(a±(x), a n {x)) 
Mm 6yn;eM roBopHTb, hto p[A] - sto paccjioeimaH 3-ajire6pa. □ 

B 3aBHCHMOCTH ot CTpyKTypM mm 6yn,eM roBopHTb, HanpHMep, o paccjioeHHoii 
rpynne, paccjioeHHOM KOJi&u,e, bcktophom paccjioeHHH. 

OcHOBHbie CBOHCTBa 5^-ajire6pM coxpaHHioTCH h rjir paccjioeHHoii g-ajireGpbi. 
Ilpn flOKa3aTejibCTBe cooTBeTCTByioiinix TeopeM, mm mojkcm ccMjiaTbca Ha sto 
yTBGp jk^ghhg . OflHaxo b HeKOTopbix cnyHaflx ,n;oKa3aTejibCTBO mojkgt npe,a;cTaB- 
jiHTb caMOCTOflTejibHbiii HHTepec, Tax Kax no3BOJifleT jiyHHie yBH,n,eTb CTpyKTypy 
paccjioeHHoii 3-ajire6pM. OflHaxo CBOHCTBa 5-ajire6pM, B03HHKHieH Ha MHcratecTBe 
ceneHHH, MoryT OTJiHiaTbca ot cbohctb 3-ajire6pM b cjioe. HanpHMep, yMHOJKe- 
Hne b cjioe MoxeT HMeTb o6paTHMH sjieMeHT. B Toace BpeMH yMHoaceHne ceneHHii 
MOJKeT He HMeTb o6paTHoro ajieMeHTa. Cne^OBaTejibHO, paccjioeHHoe HenpepMBHoe 
nojie nopojK^aeT KOJibup Ha MHOJKecTBe ceneHHH. 9to HBJiaeTCH npenMymecTBOM 
npn H3yneHHH paccjioeHHoii ajire6pbi. 51 xony TaK»ce o6paTHTb BHHMaHHe Ha to, hto 
onepauHH b paccjioeHHH He onpe,n,ejieHa fljin sjieMeHTOB, npHHafljiejKaiiniM pa3HMM 

CJIOHM. 

ToHKap G A HMeeT npe,a;cTaBjieHHe (x,p a ) b KapTe U a h npe,a;cTaBjieHHe {x,pp) b 
KapTe Up. /JonycTHM (pyHKHHH nepexoda g e s onpejjejifliOT paccjioeHne B Hajj, 6a3oii 
N. PaccMOTpHM KapTM V e G iV H Vs G N , V e DVg ToiKa q G B HMeeT npe^,- 
CTaBJieHHe (y,q t ) b KapTe V e h npe^CTaBJieHHe (y,qs) b KapTe Vs. Cjie^OBaTejibHO, 

Pa = fapipp) 

9e = 9es{qs) 

IIpeflCTaBJieHHe cootb6tctbhh npn nepexojj,e ot KapTM U a k KapTe Up h ot KapTM 
V t k KapTe Vs H3MeHaeTCH corjiacHO 3aKOHy 

(x,y,p a ,q e ) = {x i y,f a p(pp),g eS (qs)) 

9to coraacyeTCH c npeo6pa30BaHHeM npn nepexoj^e ot KapTM U a x V c k KapTe 
Up x Vs b paccjioeHHH Ax B. 

TeopeMa 5.6. flonycmuM g]yHKV,uu nepexoda f a p onpedeAJiwm paccAoeHHyw 

aA2t6py p[A] : A >■ M Had 6a30u M . Toeda q)yHKU,uu nepexoda f a p jieAMwmcji 

gOMOMopg)U3MaMU $-aAze6pu A. 

,U,OKa3amejibcmeo. IlycTb U a G M h Up G M, U a (~l Up ^ - OKpecTHOCTH, b 
kotopmx paccjioeHHaa 3-ajire6pa p[A] TpHBnajibHa. IlycTb 

(5.4) ap = fp a (a a ) 

(pyHKHHH nepexoda H3 paccjioeHHH b paccjioeHne ^[A]!^. IlycTb u> - n- 

apHaa onepan,Hfl h tohkh ei, e n npHHa^jiejKaT cjiohd A x , x G Ui HU2- IIojiojkhm 

(5.5) e = u)(e\, e„) 
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Mm MOxceM npe,a;cTaBHTb TO^Ky e £ p[A]\u a b BH,n;e (x, e a ) h TOHKy e, £ 
b BH,a;e (x, ej Q ). Mbi MoaceM npeflCTaBHTb TOHKy e £ b BH,n;e (x,ep) h TOHKy 

ei €p[A]\ub b BH^e (x, eip). CorjiacHO (5.4) 

(5-6) ep = fp a (e a ) 

(5.7) eip = fp a (e ia ) 

CorjiacHO (5.5), onepainia b cjioe A x Hafl OKpecTHOCTbio Up hmggt bh,u; 

(5.8) ep = u){exp,...,e n p) 
IIoflCTaBHB (5.6), (5.7) b (5.8) mm ncmy^iiM 

fpa(e a ) — u(fp a (ei a ), fp a (e na )) 
3to flOKa3biBaeT, hto fp a hbjihgtch roMOMop(pH3MOM J-ajireGpM. □ 

Onpe^ejieHHe 5.7. IlycTb p[j4] : A >■ M h p'[A'] : A 1 >■ M' - ABe pac- 

cjioeHHbie 3"-aJire6pbi. Mm 6y#eM Ha3MBaTb paccjioeHHbra Mop(pii3M 

f :A—> A' 

roMOMopcJ)H3MOM paccjioeHHbix 3-ajire6p, ecjiH cooTBeTCTByromee OTo6pa»ce- 
HHe cjioeB 

fx '■ A x — > A x , 

aBjiaeTCfl roMOMop(pH3MOM 3-ajire6pM A. □ 

Onpe^ejieHHe 5.8. IlycTb p[A] : A >■ M H : .4' >■ Af - flBe pac- 

cjioeHHbie 3-ajire6pM. Mm 6yn,eM Ha3MBaTb roMOMop(pH3M paccjioeHHbix 3-ajire6p 
/ H30Mop<pH3MOM paccjioeHHbix 5-aJire6p, eoiH cooTBeTCTByromee OTo6pa»ce- 
Hne cjioeB 

fx '■ A x —¥ A x , 

HBJiaeTCH H30MopcpH3MOM 3-ajire6pM A. □ 
Onpe^ejieHHe 5.9. IlycTb p[A] : A >■ M - paccjioeHHaa 3"-ajire6pa h 4' - S- 

no,n;ajire6pa 5-ajire6pM A. PaccjioeHHaa 3-ajire6pa p[A'] : A! >■ M -HBjiaeTca 

paccjioeHHoft 3-no,n;ajire6poH paccjioeHHoii 5-aJire6pbip[^4], ecjiH roMOMop(pH3M 
paccjioeHHbix #-ajire6p A' — > A flBjiaeTCH bjiokchhcm cjiocb. □ 

BajKHMM o6cTQHTejibCTBOM b 3tom onpe^ejieHHH HBJiHeTCfl roMOMop(pH3M pac- 
cjioeHHbix 5 ; -ajire6p. Ecjih mm npocTO orpaHii^iiMCH (paKTOM cymecTBOBaHHfl 
noflajire6pM b KaxflOM cjioe, to mm MoaceM pa3pyniHTb HenpepMBHOCTb. 

Mm onpe,a;ejiHjiH onepauHio Ha 6a3e npHBe,a;eHHoro flexapTOBa npoH3Be,a;eHHH 
paccjioeHHH. Ecjih mm onpeflejiHM onepainiio Ha 6a3e fleicapTOBa npoH3Be,a;eHHfl 
paccjioeHHii, to onepainia 6yn,eT onpe^ejieHa #jih jho6mx sjieMeHTOB paccjioeHHH. 
OflHaKO, ecjiH p(oi) = p(h), i = 1, n, to p(u(ai, a„)) = p(uj(h, b n )). Cjie- 
flOBaTejibHO, onepaunfl onpe^ejieHa MejK^y cjiohmh h nocpe^CTBOM npoeianiH nepe- 
hochtch Ha 6a3y. 9Ta KOHCTpyKUHH He OTjiHHaeTca ot (paKTopH3anHH 5 r -ajire6pM h 
He C03,a;aeT hobmh ajieMeHT b Teopnn paccjioeHHii. B to »ce BpeMH 3Ta KOHCTpyKijHH 
flOBOJibHO npo6jieMaTH x iHa c to^kh 3peHHH nepexo,a;a MeHc/jy pa3JiHHHMMH KapTaMH 
paccjioeHHii h B03MOJKHOCTH onpe^ejieHHH onepan,HH Ha^; ce^ieHHaMH. 
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6. IlPEflCTABJlEHHE PACCJIOEHHOH ^-AJirEEPbl 

Onpe^ejieHHe 6.1. Mm 6y^,eM Ha3biBaTb MopcpH3M paccjioeHHH 

T :£^£ 

npeo6pa30BaHHeM paccjioeHHa, ecjin cooTBeTCTByioinee OTo6pa»ceHHe cjioSb 

tx • Ex *■ E x 

HBJiaeTCH npeo6pa30BaHHeM cjioh. □ 

TeopeMa 6.2. Ilycmb U - omKpumoe Muootcecmeo 6a3u M , na KomopoM cyutfi- 
cmeyem mpueuajiu3au,usi paccjioemiM p[E] . Ilycmb t - npeo6pa3oeauue paccjioewuji 
p[E]. Ilycmb x G M u p' — t x (p) e cjioe E x . Tozda Ojiji omnpumoso MHoatcecmea 
V C M , x € V u djui omnpumozo MHOOKecmea W C E, p' G W' cyuificmeyem 
omKpumoe MHoatcecmeo W C E, p G W, maitoe, nmo earn x\ G V , p\ G W , mo 

p{=t xl (p 1 )eW'. 

JJoKa,3amejibcmeo. CorjiacHO [11], CTp. 58, MHoacecTBa BH,a;a V x W 7 rpfi V npHHa,a;- 
jie>KHT 6a3Hcy Tonanoriiii npocTpaHCTBa U wW npHHa^jiOKHT 6a3iicy TonojiorHH 
npocTpaHCTBa E, o6pa3yiOT 6a3iic TonojiorHH npocTpaHCTBa £. 

Tax Kax OTo6pa»ceHHe t HenpepbiBHO, to ,h,jih OTKpbiToro MHOJKecTBa V x W 
cymecTByeT OTKpbiToe mhojk6ctbo V x W Taxoe, hto t(V x W) C V x W' . 3to h 
ecTb co,a;ep}KaHHe TeopeMbi. □ 

TeopeMa 6.3. IIpeo6pa3oeaHue paccAoenuM p[E] omo6paoKaem cenewue e ceneHue. 

J^OKasamejibcmeo. 06pa3 ceneHHH s npn npeo6pa30BaHHii t onpe^ejieH H3 KOMMy- 
TaTHBHOCTH jj;narpaMMbi 

£ *- >■£ 



M 

HenpepbiBHOCTb OTo6pa»ceHHH s' cjie,ayeT H3 TeopeMbi 6.2. □ 

Onpe,n;e.neHHe 6.4. Ilpeo6pa30BaHHe paccjioeHHH Ha3biBaeTca jiesocTopoHHHM 
npeo6pa30BaHHeM hjih T*-npeo6pa30BaHHeM paccjioeHHa, ecjin oho p,em- 
CTByeT cjieBa 

u = tu 

Mm 6yneM o6o3HaHaTb *£ hjih MHoacecTBO HeBbipojKfleHHbix T*-npeo6pa30- 

BaHHfi paccjioeHHH p[E\. □ 

Onpe^ejieHHe 6.5. Ilpeo6pa30BaHHe Ha3biBaeTCH npaBOCTopoHHHM npeo6pa- 
30BaHneM hjih *T-npeo6pa30BaHHeM paccjioeHHa, ecjin oho ^eficTByeT cnpaBa 

u = ut 

Mm 6yn,eM o6o3HaHaTb £* hjih p[E]* MHO»cecTBO ★T-HeBbipo»yieHHbix npeo6pa30- 
BaHHii paccjioeHHH p[A}. □ 

Mm 6yi;eM o6o3Ha x iaTb e TOJKjjecTBeHHoe npeo6pa30BaHne paccjioeHHH. 
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3aMenaHue 6.6. Tax KaK T*-npeo6pa30BaHHe paccjioeHHH onpeflejieHO nocjiofiHO, 
to MHOJKecTBO *p[-E] aBjiaeTca paccjioeHneM, h30mop(J>hmm paccjioeHHio Tax 

KaK *E = E E , TO MM MOJK6M Onpe^ejIHTb B CJIOe KOMIiaKTHO-OTKpblTyK) Tonojiornro. 

3to ,a;aeT bo3mojkhoctb OTBeTHTb Ha Bonpoc: HacKOJibKO 6jih3kh npeo6pa30BaHHH, 
B03HHKaiomHG b coce,n;HHx cnoflx. Mm 6ya;eM nojiaraTb, hto npeo6pa30BaHHH t(x), 
t(xi) 6jih3kh, ecjin cymecTByeT OTKpbiToe mho>kgctbo Wk.u C E E , t(x) S Wk,u, 
t(xi) G Wk,u- '□ 

Onpe^ejieHHe 6.7. ITycTb Ha mho>kgctbg *p[A] onpe^ejieHa CTpyKTypa paccjio- 
eHHoii J-ajire6pbi ([2]). ITycTb p[B] HBjiHeTca paccjioeHHofi J-ajireGpoii. Mm 6yp£M 
Ha3MBaTb roMOMop(pH3M paccjioeHHbix 3-ajire6p 

(6.1) / : p[B] - *p[A] 

jieBOCTopoHHHM npeflCTaBJieHHeM hjih T*-npe,a,CTaBJieHHeM paccjioeHHofi 
3-ajire6pM p[B]. □ 

Onpe^ejieHHe 6.8. IlycTb Ha MHoacecTBe p[A}* onpe,n,ejieHa CTpyKTypa paccjio- 
eHHoii 5'-aJire6pbi ([2]). IlycTb p[B] HBJiiieTCH paccjioeHHofi 5 r -ajire6poii. Mm 6yn,eM 
Ha3MBaTb roMOMop(pH3M paccjioeHHbix 3-ajire6p 

f:p[B]^p[AY 

npaBOCTopoHHHM npeflCTaBJiemieM hjih ★T-npeflCTaBJieHHeM paccjioeHHoii 
3-ajire6pi>i p[B}. □ 

Mm pacnpocTpaHHM Ha Teopnio paccjioeHHbix npe,a;cTaBjieHHH corjianieHne, onn- 
caHHoe b saMe^iaHHH [5J-2.2.14. Mm MoaceM 3anncaTb npiiHHHn jj,bohctb6hhocth b 
cjiejiyioiHeH (popMe 

Teopeivia 6.9 (npHHnim ^bohctbchhocth) . JIw6oe ymeepotcdeHue, cnpaeedjiueoe 
djisiT-k-npedcmaeAeHUH paccjioeHHOu^-ajize6pu p[A], 6ydem cnpaeedjiueo djin-kT- 
npedcmaejieHUM, paccjioeHHoii r $-ajize6pu p[A] . 

CyinecTByeT flsa cnoco6a onpejjejiHTb T*-npejj;cTaBjieHHe S r -ajire6pM B b pac- 
cjioeHHH p[ A]. Mm MoaceM onpe^ejiHTb onpe^ejiHTb T*-npe,n,CTaBJieHHe b cjioe, jih6o 
onpe^,ejiHTb T*-npejjCTaBJieHHe Ha MHoacecTBe r(p[A|). B nepBOM cjiy^ae npe^CTaB- 
jieHne onpe^ejiaeT ojj;ho h to »ce npeo6pa30BaHHe bo Bcex cjiohx. Bo btopom cjiynae 
KapTHHa MeHee orpaHHHeHa, o,a;HaKO OHa He jjaeT nojiHoii KapTiiHM pa3Hoo6pa3HH 
npe,a;cTaBjieHHH b paccjioeHHH. Korjja mm paccMaTpnBaeM npeflCTaBjieHiie paccjio- 
eHHoii : S r -ajire6pM, mm cpa3y oroBapHBaeM, hto npeo6pa30BaHHH b pa3Hbix cjiohx 
He3aBHCiiMM. Tpe6oBaHHe HenpepMBHofi 3aBHCiiMOCTH npeo6pa30BaHHH ot cjioh Ha- 
KJiajj,MBaeT ^onojiHiiTejibHbie orpaHHieHiiH Ha T^-npe^CTaBJieHHe paccjioeHHofi 3- 
ajire6pM. B to >Ke BpeMH sto orpamineHHe no3BOJifleT H3yHaTb npeflCTaBjieHHH 
paccjioeHHbix 5^-ajire6p, Korjja b cjioe onpe,n;ejieHa S'-ajireGpa, napaMeTpbi KOTopoii 
(HanpHMep, CTpyKTypHbie KOHCTaHTM rpynnbi J1h) HenpepMBHO 3aBHCHT ot cjioh. 

3aMenaHue 6.10. Ha H3MKe flHarpaMM onpe^ejieHiie 6.7 03HaHaeT cjieflyiomee. 
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O To6p cu>k6hh6 F - HHieKiiHfl. Tax KaK mm ojKHflaeM, hto npeflCTaBjieHne pacano- 
eHHoii 3-ajire6pM ^eiicTByeT b KajK^OM cjioe, to Mbi BimiiM, hto OTo6pa»ceHHe F - 
6HeKD,HH. He Hapyinaa o6hthocth, mm MO»ceM nojiojKHTb, hto M = M' h OTo6pa- 
jk6hh6 F - TOJK^ecTBeHHoe OTo6pajKeHHe. Mbi 6yn,eM roBopHTb, ^to 3a/iaHO npe#- 
CTaBjiGHHG paccjioeHHoii 3-ajire6pM p[B] b paccjioeHHH p[A] n&R mhojk6ctbom M. 
IlocKOJibKy 6a3a paccnoeHira H3BecTHa, to, hto6m He neperpy»caTb ^narpaMMy ,n;e- 
TajiflMH, mm 6ya;eM oniiCMBaTb npeflCTaBjieHiie c noMombio ^narpaMMM 




M 



□ 

TeopeMa 6.11. Bycmb 3adano T*-npedcmaejieHue T paccjioennou $-a,Aze6pu A 
e paccjioeuuu q[E\. Tozda djin omnpumozo MHOotcecmea V C M, x € V u djin 
omnpumozo MHoatcecmea Wk,u C E e , F(x,p) E Wk,u cyuuficmeyem omnpumoe 
MHOcmecmeo W C A, p E W manoe, umo x\ E V, pi E W kqk moAbKO J-(xi,p%) E 
W K ,u. 

^OKa3ameAbcmeo. yTBepjKflemie TeopeMM ABjiaeTca cne^CTBueM HenpepMBHOCTH 
OTo6pa»ceHHfl T h onpe,n;ejieHHH Tonojioriin paccjioeHHH A. □ 

TeopeMa 6.12. Ilycmb 3adano T-k-npedcmaeAcnue T paccAoemiou $-ajize6pu A 
e paccjioenuu q[E]. Ilycmb a - ceneuuc paccAoenuM A. Tozda 3am, omnpumozo 
MHOCHcecmea V C M, x E V u 3ah omnpumozo Muocncecmea Wk,u C E E , 
J-^ A {a){x) E Wk,u cymecmeyem omnpumoe Muootcecmeo W C A, a(x) E W ma- 
Koe, nmo x\ E V, a(x\) E W KaK moAbKO J- ld (a)(xi) E Wk,u- 

fl,OKa3amcjibcmeo. Cjie^CTBHe TeopeMM 6.11. □ 

Onpe^ejieHHe 6.13. Mm 6yfleM Ha3MBaTb r*-npe,a;cTaBjieHHe paccjioeHHoii 3-aji- 
re6pbip[B] acpcpeKTHBHbiM, ecjiH OTo6pa»ceHHe (6.1) - H30MopcpH3M paccjioeHHoii 
5'-ajire6pbi p[B] b □ 

3a,MeHaHue 6.14. Ecjih T*-npeflCTaBJieHne paccjioeHHoii 5 r -ajire6pM A 3(p(peKTHB- 
ho, mm MO»ceM OTOJK,a;ecTBjiHTb ceHeHHe paccjioeHHoii 5 r -ajire6pM A c ero o6pa30M 
h 3anncMBaTb T*-npeo6pa30BaHiie, nopojKfleHHoe ce^emieM a E T(A), b (popMe 

v = av 

Ecjih *T-npeflCTaBJieHHe paccjioeHHoii 5-aJire6pM A 3(p(peKTHBHO, mm mojkcm otojk- 
^ecTBJiflTb ceHeHne paccjioeHHoii 5 r -ajire6pM A c ero o6pa30M h 3anncMBaTb *T- 
npeo6pa30BaHne, nopojKfleHHoe ce^eHneM a E T(A), b (popMe 

v' = va 

□ 

Onpe^ejieHHe 6.15. Mm 6y,a,eM Ha3MBaTb T^-npe^CTaBJieHHe T paccjioeHHoii 5'- 
ajire6pM p[A] TpaH3HTHBHbiM, ecjiH T*-npe,n;cTaBjieHHe F x S"-ajire6pM A x TpaH- 
3hthbho ,a;jifl jiio6oro x. Mm 6ya;eM Ha3MBaTb r*-npe,a;cTaBjieHHe paccjioeHHoii 5^- 

ajire6pbl OflHOTpaH3HTHBHUM, eCJIH OHO TpaH3HTHBHO H 3(p(peKTHBHO. □ 
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TeopeMa 6.16. J^onycmuM Muootcecmeo E AonaAbuo KOMnanmuo. T-k-npedcmae- 
jienue T paccAoeuuou fi-aAzedpu 

r[A] :A-->-M 

e paccjioeHuu 

p[E] : £ - - >- M 

mpaH3umu6H0, euiu dan mo6ux ceneuuu a,b £ T(£) cyuificmeyem maKoe cenenue 
g £ T(A), Hmo 

b = F\g)a 

^OKaaameAbcmeo. PaccMOTpnM ceHeHHH a, 6 £ r(£). B cjioe E{x) sth ceneHHH 
onpe^ejiaeT sjieMeHTbi a(x), b(x) £ E(x). CorjiacHO onpeflejieHHio 6.15 onpe,a;ejieH 
g(x) £ A(x) TaKoii, hto 

b(x) = r A {g{x))a{x) 
IlycTb Um - OTKpbiToe MHoacecTBO 6a3M M, Ha kotopom cymecTByeT TpHBH- 
ajiH3au;Hfl paccnoeHHH p[E], x £ Um- IlycTb W C E - OTKpbiToe mhojkgctbo , 
b(x) £ W . Tor^a corjiacHO Teopeivie 6.2 cymecTByeT OTKpbiToe mho>kgctbo W C E, 
a(x) £ W, Taxoe, hto ecnn x\ £ Um, a{x\) £ W, to b{x{) = J- ld (g){x\)(a{xi)) £ 

w. 

Ecjih 3aMMKaHHe W KOMnaKTHO, to nojiojKHM K = W. ,IIpnycTHM 3aMbiKaHHe 
W He KOMnaKTHO. Tor,a;a cymecTByeT OTKpbiToe MHoacecTBO W{x), a(x) £ W(x) Ta- 
Koe, hto W(x) KOMnaKTHO. AHajiorn^HO cymecTByeT OTKpbiToe MHoacecTBO W{x\), 
a(xi) £ W(xi) TaKoe, hto W{x\) KOMnaKTHO. MHO»cecTBO V = WC\(W (x)UW (xi)) 
OTKpbiTO, a(x) £ V, a(x±) £ V, 3aMbiKaHne V KOMnaKTHO. ITojiojkhm K = V . 

IlyCTb U(x) - OKpeCTHOCTb MHOJKeCTBa g(x)K. IlyCTb U(X\) - OKpeCTHOCTb MHO- 

»cecTBa g(xi)K. IIojiojkhm U = W UU(x)UU(xi). Tor^a Wk.u C E e - OTKpbiToe 
MHOxecTBO, T' lA {g){x) £ W K ,u, J rid (s)(xi) £ W K ,u- 

CorjiacHO TeopeMe 6.12 cymecTByeT OTKpbiToe MHO»cecTBO S C A, g(x) £ S, 

g{xi) eS. □ 

TeopeMa 6.17. JJ,onycmuM Muoafcecmeo E AOKCiAbuo KOMnanmuo. T-k-npedcmae- 
jienue T paccAoeuuou $-a,Aze6pu 

r[A] :A-->-M 

e paccjioenuu 

p[E] : £ - - > M 

odHompaH3umu6HO mozda u mcuibKO mozda, nozda Ojiji jik>6ux ceneuuu a, b £ T(£) 
cyuificmeyem oduo u mojibKO oduo ceneuue g £ T(A) manoe, nmo 

b = T id {g)a 

JJoKa,3amejibcmeo. Cjie^CTBHe onpe^ejieHHii 6.13, 6.15 h TeopeMbi 6.16. □ 

7. PACCJTOEHHHH MOPOH3M 

TeopeMa 7.1. Tlycmb ua paccjioeuuu p[E] : £ >■ M onpedeAena paccAoeunaM 

9KeueaAeumHocmb s[S] : S >■ M ■ Tozda cyuificmeyem paccAoeuue 

t[E/S] ;e/S--*~M 
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Ha3ueaeMoe cpaicrop paccjioeHHein paccAoenuji £ no SKeueajienmnocmu S . Mop- 
4>U3M paccjioenuu 

nat5 : £ — * £/S 

Ha3ueaemcsi paccjioeHHMM ecTecTBeHHHM MopcpH3MOM uau paccjioeHHMM 

MOpCpH3MOM OTOJK^eCTBJieHHa. 

/^OKa3ameAbcmeo. PaccMOTpiiM KOMMyTaTiiBHyio ^iiarpaMMy 

(7.1) £ — >-£/S 

\ / 
\ / 

M 

Mm onpeflejiHM b £/S cpaKTopTonojiorHio ([11], CTp. 39), Tpe6ya HenpepbiBHOCTb 
OTo6pa>KeHHH nat5. CorjiacHO npe^jiojKeHHK) [11]-I.3.6 OTo6pa»ceHHe t[E/S] Henpe- 

pblBHO. 

Tax KaK SKBHBajieHTHOCTb S onpe^ejieHa TOJibKO MeiKpy TOTKaMi o,a,Horo cjioa 
E, to Kjiaccbi SKBHBajieHTHOCTH npHHa,n;jie}KaT o,n;HOMy h TOMy cjioio E/S (cpaBHH 
c 3aMeHaHHeM k npe,a;jio}KeHHio [11]-I.3.6). □ 

IlycTb / : A — > B - paccjioeHHbiii Mop(pii3M, 6a3a KOToporo HBJiaeTCH TOJK^e- 
CTBeHHMM OTo6pa»ceHHeM. CorjiacHO onpe^ejieHHio [7]-4.8 cymecTByeT o6paTHoe 
npHBe^eHHoe paccjioeHHoe cooTBeTCTBHe / . CorjiacHO TeopeMaM [7]-4.7 h [7]-5.2 
/ _1 o / aBjiaeTCH 2-apHbiM paccjioeHHMM OTHOHieHiieM. 

TeopeMa 7.2. PaccAoeHHoe omnouieHue S = /~ 1 o/ fiejisiemcfi paccAoermou skbu- 
eaAeHmHocmbw na paccAoenuu A. Cyuificmeyem pa3Aootcenue paccAoenHoso Mop- 
4>u3mo, f e npou3eedenue paccAoennux Mop$u3Moe 

f = itj 

A/S *- >f(A) 



A *B 

j = nat5 - ecmecmeeHHUu zoMOMopcjiu3M 

j(a) =j(a) 

t - U30M0p(j)U3M 

r(a)=t(j(a)) 

i - eAootcenue 

r(a) = i(r(a)) 

/^OKa3ameAbcmeo. YiBepyK^emie TeopeMbi npoBepaeTCH b cjioe. Heo6xo,n,HMO Tax- 
»ce npoBepiiTb, hto SKBHBajieHTHOCTb HenpepbiBHO 3aBncHT ot cjioh. 

□ 
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8. CBOBOflHOE T*-nPE,I],CTABJlEHHE PACCJIOEHHOH rpynnbl 

OTo6pa»ceHHe nat<S He nopojK^aeT paccjioeHHH, Tax xax pa3Hbie KJiaccbi SKBHBa- 
jieHTHOCTH, BOo6me roBopa, He roMeoMopcpHbi. OflHaxo ^OKa3aTejibCTBO TeopeMM 
7.1 noflCKa3MBaeT KOHCTpyKiniio, oneHb HanoMHHaioiiryio nocTpoeHne, npe^jiojKeH- 
Hoe b [12], CTp. 16 - 17. 

Onpe,n;e.jieHHe 8.1. PaccMOTpHM T*-npejj;cTaBjieHHe / paccjioeHHoii rpynnw p[G] 
b paccjioeHHH M.. PaccjioeHHaa Majiaa rpynna hjih paccnoeimaa rpynna 

CTa6HJIH3aD,HH CeHeHHH h £ r(.M) - 3TO MHOJKeCTBO 

Qh = {9 G T(G) : f(g)h = h} 

□ 

TeopeMa 8.2. PaccMompuM T-k-npedcmaejienue f paccjioenHou zpynnu p[G] e 

paccjioenuu r[E] : £ >■ M ■ JJonycmuM Gh - paccjioeHuaji Majian zpynna ce- 

ueHUM, h. J^jim, jik>6ozo x £ M cjiou Gh,x paccjioeHuou mcijiou zpynnu cenenuM h 
MBAJiemcM nodzpynnou Majioii zpynnu G^m 9JieMenma h{x) £ E x . 

^OKa3amejibcmeo. Bbi6epeM ceneHne g £ Y(Gh) Tax, hto npeo6pa30BaHHe f(g) 
ocTaBjiaeT Heno^BH^KHMM ceHemie h £ Y{£). CneflOBaTejibHO, npeo6pa30Bamie 
f(h(x)) ocTaBjiaeT HenoflBHJKHMM h(x) £ E x . □ 

Onpe^ejieHHe 8.3. Mm 6yn,eM Ha3biBaTb T*-npe#CTaBJieHHe / pacanoeHHOH rpyn- 
nbi p[G] cbo6o,ii,hi>im, ecjin rjir jno6oro x £ M T* -npe^CTaBJieHHe f x rpynnbi G x 
b cjioe E x CBo6oflHO. □ 

TeopeMa 8.4. Ecjiu onpedejieno ceo6odnoe T-k-npedcmaejienue f paccjioeunou zpyn- 
nu p[G] e paccjioenuu r[E] : £ >■ M , mo onpedejieno e3auMno odno3HaHHoe 

coomeemcmeue Meotcdy opSumou npedcmaejienuM e cjioe u zpynnou G. Ecjiu zpyn- 
na G - monojiozuHecKax zpynna, mo op6uma npedcmaejienuM, e cjioe zoMeoMopfiua 
zpynne G. 

JJoKa,3amejibcmeo. □ 

PaccMOTpHM KOBapHaHTHoe CBo6oflHoe T*-npeflCTaBJieHHe / paccjioeHHoii rpyn- 
nbi p[G] Ha paccjioeHHH p[E]. 3to T*-npe,n,CTaBJieHHe onpejjejineT Ha a[E] pacc.no- 
eHHoe OTHomeHHe SKBHBajieHTHOCTH S, (p, q) £ S ecjin p h q npHHafljiejKaT o6m,eH 
op6nTe. Tax xax npe,a;cTaBjieHHe b kjdk^om cjioe cbo6ojj;ho, Bee KJiaccbi SKBHBa- 
jieHTHOCTH roMeoMopcpHbi rpynne G. Cne^OBaTejibHO, OTo6pa»ceHHe nat5 flBjiaeT- 

ch npoeKUHeii paccjioeHHH nat5[G] : £ >■ £ /S . Mm TaK»ce 6ya;eM nojib30BaTbca 

chmbojiom S = G*- Mm MO»ceM npe,n;cTaBHTb jjnarpaMMy (7.1) b BHjje KOHCTpyKipiH 

~~~ v nat5[G] 

Pirn ^£/s 

„ " *[E/S] 

M 

Mm 6yi;eM Ha3MBaTb paccjioeHne natiS[G] paccjioeHHeM ypoBHa 2. 
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IIpHMep 8.5. PaccMOTpiiM npeflCTaBjieHne rpynnbi BpameHHH 50(2) b R 2 . Bee 
tohkh, KpoMe to^kh (0,0), HMeiOT TpHBHajibHyio Majiyio rpynny. TaKHM o6pa30M, 
Ha MHoacecTBe R 2 \ {(0,0)} onpe^ejieHO CBo6o;j,Hoe npe,n,CTaBJieHHe rpynnbi SO(2). 

Mm He MoaceM BOcnojib30BaTbCH 3Toii onepanneii b cnynae paccjioeHHH p[R 2 ] 
h npe,n;cTaBjieHHfl paccjioeHHOH rpynnbi t[SO(2)]. IlycTb S - OTHonieHne paccjioeH- 
Hoii aKBHBajieHTHOCTH. PaccjioeHHe p[R 2 \ {(0, 0)}]/t[S'O(2)]* He HBjiHeTca nojiHMM. 
B pe3yjibTaTe npejjejibHbiii nepexojj; mojkbt npnBecTn b Hecy^ecTByioiniiii cjioii. 
IIosTOMy mm npe^noHHTaeM paccMaTpnBaTb paccjioeHne p[R 2 ]/t[SO(2)]-k, HMea b 

BHfly, HTO CJIOH Hafl TOIKOH (x, 0, 0) - BbipOJKfleH. □ 

Mm ynpocTHM o6o3Ha x ieHHH h npe,a;cTaBHM nojiyieHHyio KOHCTpyioniio b BHjje 

p[E2,Ex] :£ 2 --^£i--^M 
r^e mm npe^ncwiaraeM paccjioeHHH 

P2[E 2 ] :£%--^£\ Pi[Ei] : £i > M 

AHajiorHHHMM o6pa30M mm mojkbm paccMaTpnBaTb paccjioeHHe ypoBHa n 

(8.1) p[E n ,...,E 1 ]:£ n --^ ... --^£x--^M 

IlocjieflOBaTejibHOCTb paccjioeHHii (8.1) mm 6yiieM Ha3MBaTb 6aniHeft paccjioe- 
HHH. 3to onpejjejieHHe a jj;aji no aHajiornn c 6aniHeii IIocTHHKOBa ([13]). BaniHH 
IIocTHHKOBa - 3to 6aniHfl paccjioeHHii. Cjioii paccjioeHHH ypoBHH n - sto tomoto- 
nn^ecKaji rpynna nopa/pta n. IIo/io6HMe KOHCTpyioniH H3BecTHM, o^HaKO r npnBeji 
onpe,a;ejieHHe 6aniHH paccjioeHHii, nocKOJibKy oho ecTecTBeHHMM o6pa30M B03HHKa- 
eT H3 Bbinien3JiO}KeHHoro TeKCTa. 

51 xoiy paccMOTpeTb ein;e o^hh npHMep 6aniHH paccjioeHHii, kotopmh npHBjieK 
Moe BHHMaHne ([14], [15], iacTb 2). B KaiecTBe 6a3bi Bbi6epeM MHoacecTBO </°(n, m) 
0-fl»ceTOB OTo6pa»:eHHii H3 R n b R m . B xa^ecTBe paccjioeHHH ypoBHH p Bbi6epeM 
MHoacecTBO J p (n,m) p-^jKeTOB OTo6pa»ceHHH H3 R n b R m . 

9. MOPOH3M T*-nPEflCTABJIEHMH PACCJIOEHHOH J-AJirEBPbl 

Onpe,a,ejieHHe 9.1. PaccMOTpHM T^-npe^CTaBJiemie 

T : A ->• *7> 

paccjioeHHoii ^-ajireGpbi a[A] : A >■ M b paccjioeHHH p[P] : V >■ M h T*- 

npejjCTaBjieHHe 

paccjioeHHoii J-ajire6pbi b[B] . B >■ M b paccjioeHHH q[Q] : Q >■ M ■ Ilapa 

OTo6pa»ceHHii 

(9.1) ( C:A^B, Tl-.V^Q) 
TaKHx, hto C - roMOMop(pH3M paccjioeHHoii 5 : -ajire6pM h 

(9.2) K{T{a)m) = g(C(a))K{m) 

Ha3MBaeTCH mop4>h3mom paccjioeHHtix T*-npe,n;cTaBJieHHH H3 T b Q. Mm 
Taicsce &yp$M roBopHTb, ^ito onpe,a;ejieH MopcpH3M T*-npe,n,cTaBJieHHH paccjio- 
eHHoii 3-ajire6p&i. □ 
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Mop(J)H3M T*-npe,iiCTaBjieHHH paccjioeHHofi 3 r -ajire6pbi mojkho npeflCTaBHTb b 
BH,i;e flnarpaMMbi 

n 




OTCiofla cjie,a;yeT, hto b cjioe Mop(pH3M r*-npe,a;cTaBjieHHH paccjioeHHofi 3-ajire6pbi 
HBjiaeTCfl Mop(pH3MOM T^-npe^CTaBjieHiiii ^-ajireGpbi. 

TeopeMa 9.2. Ecjiu T-k-npedcmaejienue 

T :A->*V 

paccjioeuHou $-ajize6pu a[A] : A >- M e paccnoenuu p[P] : V >■ M odno- 

mpaH3umu6H0 u T*-npedcmaejieHue 

paccjioewHou $-ajige6pu b[B] : B >■ M e paccjioeuuu q[Q] : Q >■ M odno- 

mpa,H3umu6H0, mo cyuificmeyem Mop$u3M 

(C:A^>B, Tl-.V^Q) 

paccjioeuHux T-k-npedcmaejienuu U3 T e Q . 

fl,OKa3amejibcmeo. Cjie^CTBHe TeopeMbi 2.5 h onpe^ejieHHH 9.1. □ 
TeopeMa 9.3. ITycmb 

T:A^*M 

T-k-npedcmaejieuue paccjioeuHou $-ajize6pu A, 

g:B^*N 

T-k-npedcmaejienue paccjioeuHou ^-ajize6pu B, 

T-k-npedcmaejieHue paccjioeuHou ^-ajize6pu C. Ilycmb onpedejienu Mop$u3MU T-k- 
npedcmaejienuu paccAoenHou $-ajize6pu 

(U:A^B, V:M^N) 

{V:B->C, Q:N^£ ) 
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Tozda onpedejieu Mop$u3M T^-npedcmaejienuu 3-a,Aze6pu 

( W:A^C, Tl-.M-^C) 

zde W = UV , TZ = VQ. Mu 6ydeM Ha3ueamb Mop<fiu3M {W,1Z) paccjioeuHux T*- 
npedcmaeAeHuu U3 T e Ti npoH3Be,n,eHHeM MopcpH3MOB (U, V) h (V, Q) T*- 
npeflCTaBJieHHit paccjioeHHoit $-ajire6pbi. 

JJoKa3amejibcmeo. OTo6pa»ceHHe W ABjiaeTca roMOMopcpiOMOM paccjioeHHoii 3- 
ajire6pbi A b paccjioeHHyro 3-ajire6py C. HaM Ha^o noxasaTb, ito napa OTo6pa- 
jKeHHii (W,TZ) y^OBJieTBopaeT (2.3): 

K{T{a)m) = QV{T(a)m) 

= Q{G{U{a))V{m)) 

= H(VU(a))QP{m)) 

= H(W(a))R(m) 

□ 

TeopeMa 9.4. Ilycmb 

T:A^*V 

T-k-npedcmaejieuue paccjioeuHou $-ajize6pu A, 

G :B^*£ 

T-k-npedcmaejieHue paccAoeunou $-aAze6pu B. Ilycmb 

{ TZi-.A^B, K 2 : V -> £ ) 

Mop$u3M paccAoennux npedcmaejieHuu U3 T e Q . TIoaowcum 

S x = TZill^ 1 S 2 = TZ 2 TZ' 2 1 

Tozda djiM omo6paMceuuu TZi, IZ2 cyutficmeymm pa3AoomeHUM, Komopue mochcho 
onucamb duazpaMMOU 

V/S 2 II2V 
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• s = kcr IZi MeAMemcM Konzpyanv^ueu na A. Gyuyecmeyem pa3Aootcenue 

Z0M0M0p(fiu3Ma IZi 

(9.3) Kx=T x T x J x 

Ji = nat s - ecmecmeennuu zomomopq^u3.m 

(9.4) Ji{a)=Ji(a) 

T\ - U30M0p(f)U3M 

(9.5) H 1 (a) = T 1 (J 1 (a)) 
T\ - eAocucenue 

(9.6) Kx{a)=li{n x {a)) 

• S'i = kcr IZ2 JieAMemcM 9KeueaAenmnocmbw na V. Cyutficmeyem pa,3Jio- 
atcenue omo6paotcenuM, IZ2 

(9.7) TZ 2 = I2T2J2 
J 2 = nat S 2 - cmpnenv^uM 

(9.8) J2(m)=J 2 (m) 
T2 - 6ueKUUM, 

(9.9) K 2 (m) = T 2 (J 2 {m)) 
T2 - eAocucenue 

(9.10) n 2 {m) = l 2 (K 2 (m)) 

• T\ - Tk-npedcmaeAenue $-aAze6pu A/S\ e T>/S 2 

• Gi - T-k-npedcmaeAenue %-aAze6pu 1Z\A e 1Z 2 T> 

• Cyuificmeyem pa3Aootcenue Mop(f}U3Ma npedcmaeAenuu 

(Ki,n 2 ) = (Xi,x 2 )(r 1 ,r 2 )(j 1 ,j 2 ) 

JIoKa3ameAbcmeo. CnpaBefljiHBOCTb ^narpaMM (1), (2) cne/ryeT H3 TeopeMbi 7.2. 
OcTajibHbie yTBepjKfleHHA TeopeMbi npoBepaiOTCfl b cjioe h cue/iyiOT H3 TeopeMbi 
2.10. □ 

10. BEKTOPHOE PACCJIOEHHE HAfl TEJIOM 

HtoGm onpe,a;ejiiiTb T*-npe,iiCTaBjieHHe 

paccjioeHHoro KOJibua 1Z Ha paccjioeHHH V mm ^ojiJKHbi onpe^ejiHTb CTpyKTypy 
paccjioeHHoro KOJibua Ha paccjioeHHH *V. 

TeopeMa 10.1. T-k-npedcmaeAenue T paccAoennozo KOAbVfl 1Z na paccAoenuu V 
onpedeAenno mozda u moAbKO mozda, nozda onpedejienu T-k-npedcmaeAenusi pac- 
cjioennux MyAbmunAunamuenou u addumuenou zpynn paccAoennozo KOAbua 1Z u 
amu paccjioennue T-k -npedcmaeAenuu ydoeAemeopjiwm coomnouienuw 

T(a(b + c)) = T(a)T(b) + T(a)T(c) 
JIoKa3ameAbcmeo. TeopeMa cjie^yeT H3 onpe^ejieHHfl 6.7. □ 
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TeopeMa 10.2. T-k-npedcmaejieHue paccjioenHozo mejia T> acpcpeKTHBHo, earn 
9$<$)eKmu6H0 T-k-npedcmaejienue paccAoewHou MyAbmunAUKamueHou zpynnu mejia 
D. 

/^OKa3ameAbcmeo. CorjiacHO onpe^ejieHHAM 6.13 h 5.8 yTBepjKflemie TeopeMM npo- 
BepaeTCfl b cjioe. B cjioe yTBep;<K,ii;eHHe TeopeMbi sbjihgtch cjig^ctbhgm TeopeMM 
[5]-4.1.3. □ 

CorjiacHO 3aMenaHHio 6.14, ecjin npe^CTaBJieHHe paccjioeHHoro Tejia acpcpeKTHB- 
ho, mm OTOJK^ecTBJiaeM ceneHne paccjioeHHoro Tejia h cooTBeTCTByromee eMy T-k- 
npeo6pa30BaHHe. 

Onpe,n;ejieHHe 10.3. V - D*-BeKTopHoe paccjioeHHe Ha,a; paccjioeHHbiM TejiOM 
T>, ecjin V - paccjioeHHaa a6ejieBa rpynna h onpe,n;ejieHO 9(p(peKTHBHoe T-k-wpeR- 
CTaBJieHne paccjioeHHoro Tejia T>. CeieHHe D*-BeKTopHoro paccjioeHHH Ha3MBaeTCH 
P*-BeKTopHbiM nojieM. □ 

TeopeMa 10.4. V*-eeKmopHue uoam V ydoeAemeopsimm coomnomeHUMM 

• 3aKOHy accoqnaTHBHOCTH 

(10.1) (ab)m = a(bm) 

• 3aKOHy flHCTpH6yTHBHOCTH 

(10.2) a(m + n) = am + an 

(10.3) (a + b)rn = am + bm 

• 3aKOHy yHHTapHOCTH 

(10.4) Vm = m 

3am ak>6ux a, b G T(T>), m,n G T(V). Mu 6ydeM Ha3ueamb T-k-npedcmaeAenue 
P*-npoH3Be/ieHHeM BeKTopHoro nojiH Ha CKajiap. 

/^OKa3ameAbcmeo. YTBepjKfleHHe TeopeMM npoBepaeTCH b cjioe h flBJiaeTca cjie^- 
CTBneM TeopeMM [5J-4.1.5. □ 

Onpe,n;e.jieHHe 10.5. IlycTb V - 2?*-BeKTopHoe paccjioeHHe Hajj, paccjioeHHbiM Te- 
jiom T>. IloflpaccjioeHHe M G V - ncmpacoioeHHe P*-BeKTopHoro paccjioeHHa 

V, ecjin a + b G r(AT) h ka G r(AT) #jih jiio6mx a, b G T(Af) h ajih jiio6oro 

k G r(p). □ 

Onpe,n;e.jieHHe 10.6. ^onyerHM u, v G T(V) - P*-BeKTopHbie nojia. Mm 6yn;eM 
roBopHTb, hto BeKTopHoe nojie w HBjiaeTCH D*-jiHHeHHofi KOMGnHauiieii seic- 
TopHbie nojieft u h v, ecjin mm mojkbm 3anncaTb w = au + bv, rjj;e a h b - citajiH- 
pbi. □ 

SciMeuaHue 10.7. Mm pacnpocTpamiM Ha BeKTopHoe paccjioeHHe h ero ran coraa- 
nieHHe, onncaHHoe b saMeiaHHH [5]-4.2.6. IIpeijxiojiaraeTCfl, ito cjioeM D%-BeKTop- 
Horo paccjioeHHH HBjiiieTCH -D%-BeKTopHoe npocTpaHCTBO. □ 
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11. 2?**-EA3HC BEKTOPHOrO PACCJIOEHHE 

Onpe^ejieHHe 11.1. BeKTopHbie nojia a a, a £ I X>%-BeKTopHoro paccnoemifl V 
2?**-JiHHeHHO He3aBHCHMbi, ecjiH c = cne^yeT H3 ypaBHemra 

c%a = 

B npoTHBHOM cjiy^ae, bgrtophmg nana a ,a 2?**-JiHHeHHo 3aBHCHMM. □ 

Onpe^ejieHHe 11.2. MHoacecTBO BeKTopHbix nojiefi e = ( a e, a € I) - D%-6a3HC 
BeKTopHoro paccjioeHHa, earn BeKTopbi a e 2?%-jiiiHeiiHO He3aBiiciiMM h ,zio6aB- 
jieHHe jiio6oro BeKTopa k stoh chct6M6 ^ejiaeT 3Ty ciiCTeMy X>%-jiHHeiiHO 3aBHCH- 
moh. □ 

TeopeMa 11.3. Ecjiu e - V* Sf -6a3uc eenmopuozo paccjioeuun V, mo jiw6oe een- 
mopHoe nojie v G V UMeem odno u mojibKO odno pa3JiootceHue 

(11.1) v = v\e 

omHocumejibHO amoso V* *-6a3uca. 

JJ,OKa3amejibcmeo. yTBepjKflemie TeopeMbi npoBepaeTca b cjioe h hbjihgtch cjie^- 
CTBiieM TeopeMbi [5J-4.3.3. □ 

Onpe^ejieHHe 11.4. Mm 6yn,eM Ha3biBaTb MaTpmry v pa3Jio»ceHHfl (11.1) ko- 
opflHHaTHoii MaTpnijeH BeKTopHoro nojia v b P%-6a3Hce eiee ajieMeHTbi 
Koop,n;HHaTaMH BeKTopHoro nojia v b £>%-6a3Hce e. □ 

CorjiacHO nocTpoeHHio Bee onepau;HH Hafl BeKTopHMMii iiojihmh BbinojiHHiOTCfl b 
cjioe h nosTOMy b 6ojibniHHCTBe cny^aeB mm MO»ceM npiiMeHHTb MeTO^M Teopnii 
-D**-BeKTopHbix npocTpaHCTB. O^HaKO cymecTByeT OTJiH^ne. Koop^iraaTHaH inaT- 
pHE;a, Tax »ce xax h KOop^HHaTM BeKTopHoro nana, HBjiseTCH cpyHKiriieH KOopflimaT 
tohkh Ha 6a3e.' 1 3to mcokbt npuBecTH k pa3JiHHHMM ciiTyairaaM. HanpHMep, Z?%- 
jiMHeHHaa 3aBHCHMOCTb BeKTopHbix noneii b cjioe 3aBnciiT ot Toro, BbipojKfleHa hjih 
HeT KOopflHHaTHaa MaTpnixa cooTBeTCTByromHx BeKTopoB. 9to oflHa H3 npiiHim, 
no^eMy mm HMeeM npo6jieMy onpeflejieHHH pa3MepHOCTH, ecjin mm paccMaTpiiBa- 
eM X>%-BeKTopHoe paccjioeHHe Hafl KOJibijOM ceieHiiii r("D). PaccMaTpiiBaa 2?**- 
BeKTopHoe paccjioeHHe k&k paccjioeHHoe npe^CTaBjieHiie, mm nojiy^aeM 6ojibinyio 
rn6KOCTb b onpe^ejieHUH £>%-6a3Hca. 

TeopeMa 11.5. MuooKecmeo Koopdunam a eenmopHozo nojisi a e V* \-6a3uce e no- 
pocHcdawm V* * -eenmopHoe paccjioenue V n , u30Mop<fmoe V* * -eeKmopnoMy paccjioe- 
huw V. 9mo V* ^-eenmopHoe paccjioenue Ha3ueaemcM, Koop^HHaTHbiM 2?%-BeK- 

TOpHBIM paCCJIOeHHeM, a U30M0pcf)U3M paCCJIOeHHBIM KOOp^HHaTHMM 2?%- 
H30MOpCpH3MOM . 

fl,OKa3amejibcmeo. ,IIpnycTHM BeKTopbi a h b € V HMeiOT pa3Jio»ceHHe 



b 6a3Hce e. Tor^a 

a + b = a**e + 6**e = (a + &)**e 
nia = 77i(a*H,e) = (ma)*,e 



^O^HaKO Bonpoc o HenpepBiBHOCTH 9toh cpyHKD;HH a noxa ocTaBjrio otkpbitbim. 
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fljia jiio6oro m G D. TaKHM o6pa30M, onepainiH b bgktophom paccjioeHHH onpefle- 
jieHM no KOopflHHaTHO 

(a + b) a =a a + b a 
(ma) a = ma a 

9to flOKa3MBaeT TeopeMy. □ 

Tax Kax mm jiHHeiiHaH KOM6HHan,HH onpe^ejieHa b cjioe, npntmnn ^o,bohctb6hho- 
cth, ccpopMyjiHpoBaHHbiii b TeopeMax [5]-4.3.8, [5]-4.3.9, coxpaHaeTca pjisi bgktop- 
hmx paccjioeHHH. 

12. £>%-JlHHEHHOE OTOBPA>KEHHE BEKTOPHBIX PACCJIOEHHH 

Onpe^ejieHHe 12.1. IlycTb A - 5%-BeKTopHoe paccjioeHHe. IlycTb B - T%-BeK- 
TopHoe paccjioeHHe. Mm 6ya;eM Ha3MBaTb MopcpH3M 

T:S >■ T Ti:A ^B 

T*-npe,iiCTaBjieHHH paccjioeHHoro Tejia b paccjioeHHoii a6ejieBoii rpynne (<S%, T%)- 
jiHHeiiHbiM OTo6pa»ceHHeM BeKTopHbix paccjioeHHH. □ 

CorjiacHO TeopeMe 9.4 npn nsy^eHHH (5%, T%)-jiHHeiiHoro OTo6pa»ceHHH mm 
MO»ceM orpaHH^HTbca cjiy^aeM S = T . 

Onpe,n;ejieHHe 12.2. IlycTb A h B - 2?%-BeKTopHbie paccjioeHHH. Mm 6yiieM Ha- 
3MBaTb OTo6pa»ceHHe 

(12.1) U-.A^B 

2?%-jiHHeHHB>iM OTo6pa»ceHHeM BeKTopHbix paccjioeHHH, eCJIH 

(12.2) H(a%m) = a%H[m) 

AJifl jiio6mx a a G r(Z?), a rn eT(A). □ 

TeopeMa 12.3. Ilycmb f = ( a f,a G I ) - T>**-6a3uc e ecKmopnoM paccjioenuu A 
u e = (t,e, b £ J) ■ U**-6a,3uc e ecKmopnoM paccjioenuu B. Tosda V* „-jiuneunoe 
omo6paoKenue (12.1) ecKmopnux paccjioenuu UMcem npedcmaejienue 

(12.3) b = a\H 
omHocume/ibHO 3adannux 6a3ucoe. 3decb 

• a - KoopdunamnaM Mampuua eeKmopnozo nana a omHocumejibno T>**-6a- 
3uca f 

• b - KoopduHamnaM Mampuua eeKmopnozo uojim 

b = H{a) 

omHocumejibHO V* *-6a3uca e 

• 7i - KoopduHamnaM Mampuua MHOCHcecmea ecKmopnux nojieu (W( a /)) e 
T>* *-6a3ucee, Komopyw mu 6ydeM na3ueamb MaTpni^eH paccjioeHHoro 
2?**-jiHHeHHoro oTo6pa>KeHH» omnocumejibno 6a3ucoe f ue 

fl,OKa3amejibcmeo. BeKTopHoe nojie a G T(A) HMeeT pa3Jio»ceHHe 

a = a**/ 

OTHOCHTejibHO 'D**-6a3Hca /. BeKTopHoe nojie b = f(a) G T(B) HMeeT pa3Jio»ceHHe 

(12.4) b = b*,e 
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OTHOCHTGJibHO 2?**-6a3iica e. 

Tax Kax Ti - 2?%-jiHHeimoe OTo6pa>KGHHG , to Ha ocHOBamiii (12.2) cne^yeT, hto 

(12.5) b = H(a)=H{a*J) = a*M(f) 

Ti(af) TaK»ce bgktophog none BGKTopHoro paccjioeHHH B h hmggt pa3Jio>KeHHe 

(12.6) H( a J) = a H%e = a H b b e 
OTHOCHTejibHO 6a3Hca e. KoM6iiHiipyH (12.5) h (12.6), mm nojiy^aeM 

(12.7) b = a**H**e 

(12.3) cue^yeT H3 cpaBHemiH (12.4) h (12.7) h TeopeMbi 11.3. □ 

Ha ocHOBamiii TeopeMbi 12.3 mm HfleHTiKpimHpyeM paccnoeHHoe 22%-jiHHeiiHoe 
OTo6pa»ceHHe (12.1) BeKTopHbix npocTpaHCTB h MaTpiiuy ero npe^CTaBJieiiHH (12.3). 

TeopeMa 12.4. Ilycmb 

J=(J,a€l) 
T>**-6a,3uc e eenmopuoM paccjioeuuu A, 

1 = ( b e, be J) 
V* Sf -6a,3uc e eenmopuoM paccjioeuuu B, u 

I = (c3, c£l) 

T>* *-6a,3uc e eenmopuoM paccjioeuuu C. ITpednoAOOKUM, nmo mu UMeeM kommxj- 
mamueuyio duazpaMMy V* \-jiuueunux omo6pawcenuu 

A -C 





B 

zde D* ^-jiuueuuoe omo6pacnceuue T UMeem npedcmaejieuue 

(12.8) b = a\T 

omuocumejibuo 3adauuux 6a3ucoe u D* *-jiuueuuoe omo6pacnceuue Q UMeem nped- 
cmaejieuue 

(12.9) c = b\Q 

omuocumejibuo 3adauuux 6a3ucoe. Tozda D* *-Auueuuoe omo6pacnceuue H UMeem 
npedcmaeAeuue 

(12.10) c = a\T\G 
omuocumejibuo 3adauuux 6a3ucoe. 

fl^oKasamejibcmeo. ^oxasaTejibCTBO yTBepjK^eHHH cjie^yeT H3 no^CTaHOBKH (12.8) 
b (12.9). □ 

3anHCbiBaa Z?**-jiHHefiHoe OTo6pa>KeHHe b (popMe **-npoH3Be,a;eHHH, mm mojkgm 
nepemicaTb (12.2) b Bii,n,e 

(12.11) (ka)\T = k(a\T) 
yTBepjK,a;eHHe TeopeMbi 12.4 mm mojkgm 3anHcaTb b BH,a;e 

(12.12) [a\T)\Q = a\{T\Q) 
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PaBeHCTBa (12.11) n (12.12) npe,o;cTaBjiaiOT co6ofi 3&koh accoipiaTHBHocTH flJia 
I?**-jiHHeftHbix oTo6pa»ceHHH BeKTopHwx paccnoeHHH. 9to no3BOJiaeT HaM 
niicaTb no^;o6Hbie BbipajKeima He nojib3yacb CKo6KaMH. 

PaBeHCTBO (12.3) aBJiaeTca KOop^HHaTHofi 3aniicbK> paccnoeHHoro 2?%-jiHHeHHO- 
ro OTo6pa>KeHHfl. Ha ocHOBe TeopeMbi 12.3 6ecKoop,a;HHaTHaa 3anncb Taicsce MO»ceT 
6biTb npe,a;cTaBjieHa c noMornbio **-npoH3Be,n;eHiia 

(12.13) b = a**.F = a**/**.F = a**.F**e 

Ecjih no^CTaBHTb paB6HCTBO (12.13) b TeopeMy 3.4, to mm nojiyniiM uenoHKy pa- 

BeHCTB 

c = b%G = b\e\g = b\Q\g 

c = a* *Q = a* */* *Q = a* *T* *Q* *g 
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23**-JIHHeHHOe OToGpa^KGHHG BGKTOpHBIX 

paCCJlOGHHH 35 
X'^-BGKTOpHOG nOJIG 33 
23*-BeKTOpHOe paCCJIOGHHG 33 
23*-JIHHeHHaa KOMSnHaUHa BGKTOpHBIG 

nojiGii 33 

23*-npOH3Be#eHHe BGKTOpHOTO nOJia Ha 

CKajiap 33 

(S* * , T* *)-JIHH6HH06 0T06pa>KGHHG 

BGKTOpHBIX npOCTpaHCTB 11 
((5>** , 7"%)-JIHH6HH06 0T06pa>KGHHG 

BGKTOpHBIX paCCJlOGHHH 35 

*T-np6flCTaBji6HH6 5-ajir66pBi A B 

MHOJK6CTB6 M 2 

*T-npeflCTaBjieHHe paccjioeHHoft 5-ajire6pBi 

24 

*T-npeo6pa30BaHHe 1 
*T-npeo6pa30BaHHe paccjioeHHa 23 

T*-npeo6pa30BaHHe, corjiacoBaHHoe c 

SKBHBajieHTHOCTBK) 6 

T*-npeflCTaBjieHHe 5-ajire6pBi A b 

MHOjKecTBe M 2 
T*-npeflCTaBjieHHe paccjioeHHoft 5-ajire6pBi 

24 

T*-npeo6pa30BaHHe 1 
T*-npeo6pa30BaHne paccjioeHHa 23 

apHOCTB onepaHHH 18 

6a3a OTo6pajKeHHa 16 
6aniHa paccjioeHHH 29 

BeKTopHoe paccjioeHHe 21 

roMOMopcpH3M paccjioeHHBix 5 r -ajire6p 22 

^eKapTOBa CTeneHB A MHO>KecTBa B 15 
fleKapTOBa CTeneHB A paccjioeHHa B 18 

3aKOH aCCOHHaTHBHOCTH fljia D* „- 

JIHHeHHBIX 0T06pa?KeHHH BeKTOpHBIX 

npocTpaHCTB 13 

3aKOH aCCOHHaTHBHOCTH fljia 23**- 

JIHHeHHBIX 0T06pa>KeHHH BeKTOpHBIX 

paccjioeHHit 37 



3aKOH aCCOHHaTHBHOCTH fljia 23*- 

BeKTOpHbix nojieii 33 

3aKOH ^HCTpnGyTHBHOCTH Jljia 23*- 

BeKTOpHBix nojieii 33 

3aKOH yHHTapHOCTH fljia 23*-BeKTOpHBIX 

nojieii 33 

H30MopcpH3M paccjioeHHBix #-ajrre6p 22 

KOMnaKTHO-OTKpBiTaa Tonojiorna 16 

KOop^HHaTHaa MaTpnna BeKTopHoro nojia b 

23**-6a3Hce 34 
KoopflHHaTHoe 23**-BeKTopHoe paccjioeHne 

34 

KOop^HHaTBi BeKTopHoro nojia b 23**- 
6a3Hce 34 

jieBOCTopoHHee npeflCTaBjieHne 5-ajire6pBi 

A b MHOjKecTBe M 2 
jieBOCTopoHHee npeflCTaBjieHne 

paccjioeHHoii #-ajire6pBi 24 
jieBOCTopoHHee npeo6pa30BaHne 1 
JieBOCTopoHHee npeo6pa30BaHHe 

paccjioeHHa 23 

JIH<pT OT06pajKeHHH 16 
JIOKajIBHO KOMnaKTHOe B TOHKe p 

npocTpaHCTBO 15 
jiOKajiBHO KOMnaKTHOe npocTpaHCTBO 15 

MaTpnna 23**-jiHHeHHoro OTo6pa>KeHHa 12 
MaTpnna paccjioeHHoro 23%-jiHHeiiHoro 

OTo6pa>KeHHa 35 
MopcpH3M T*-npeflCTaBjieHHii paccjioeHHoii 

J-ajire6pBi 29 
MopcpH3M T*-npeflCTaBjieHHH ^-ajire6pbi 4 
MopcpH3M T*-npeflCTaBjieHHH 5-ajire6pBi b 

fi-ajire6pe 11 
Mop(pH3M T*-npe,i];CTaBjieHHH H3 / b g 4 
MopcpH3M paccjioeHHBix T*-npeflCTaBjieHHii 

H3 J~ B Q 29 

OflHOTpaH3HTHBHoe npeflCTaBjieHne 5- 

ajire6pBi A 2 
OflHOTpaH3HTHBHoe npeflCTaBjieHHe 

paccjioeHHoft 5-ajire6pBi 25 
onepaijHa Ha paccjioeHHH 18 

noflpaccjioeHne 17 

noflpaccjioeHHe 23*-BeKTopHoro paccjioeHHa 
33 

npaBOCTopoHHee npeflCTaBjieHHe #-ajire6pBi 

A b MHOJKecTBe M 2 
npaBOCTopoHHee npeflCTaBjieHne 

paccjioeHHoft #-ajire6pBi 24 
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AjiexcaH^p KjieHH 
Mop(j)H3M T-k-wpeppTasjienim 



npaBOCTopoHHee npeo6pa30BaHiie 1 

npeo6pa30BaHne MHOJKecTsa 1 

npeo6pa30BaHne paccjioeHHa 23 
npoeKnna paccjioeHHa 8 baojib cjioa E 14 

npOH3Be#eHHe MOpCpH3MOB '/"*• 

npeflCTaBjieHHH 5-ajire6pbi 6 
npoH3Be#eHHe Mop(pn3MOB T*~ 

npeflCTaBjieHHii paccjioeHHoii iJ- 
ajire6pBi .31 

paccjioeHne ypoBHa n 29 
paccjioeHne ypoBHa 2 28 
paccjioeHHaa 5-ajire6pa 21 
paccjioeHHaa ^-noflajire6pa 22 
paccjioeHHaa rpynna 21 
paccjioeHHaa rpynna CTa6njiH3anHH 28 
paccjioeHHaa Majiaa rpynna 28 
paccjioeHHoe kojibho 21 
paccjioeHHoe noflMHoacecTBO 17 

paCCJIOeHHBIH eCTeCTBeHHBIH MOpCpH3M 27 

paccjioeHHbiii KOopflHHaTHbin X>**- 

H30MOp(J)H3M 34 

paccjioeHHBift MopcpH3M h3 paccjioeHHa A B 
B 16 

paCCJIOeHHBIH MOp(pH3M OTO^K^eCTBJieHHa 

27 

CBo6oflHoe T*-npeflCTaBjieHHe paccjioeHHoii 
rpynnbi 28 

TpaH3HTHBHoe npeflCTaBjieHne 3 L aJire6pbi A 
2 

TpaH3HTHBHoe npei^CTaBjieHne paccjioeHHoii 
i?-ajire6pbi 25 

(paKTop paccjioeHne 27 

9<p<P eKTIIBHOe T*-npeflCTaBjieHHe 

paccjioeHHoro Tejia 33 
3<pcp eKTHBHOe npeflCTaBjieHne 5-ajire6pbi A 

2 

9<pcp eKTIIBHOe npeflCTaBjieHne paccjioeHHoii 
5-ajire6pbi 25 



39 



15. CnEIJHAJTbHblE CHMBOJIbl H OB03HAHEHHH 

<;r[_B] p l' 4 l fleKapTOBa CTeneHb A paccjioeHHa 
B 18 

B A fleKapTOBa CTeneHb A MHOjKecTBa B 
15 

T> n KOopflHHaTHoe I5**-BeKTopHoe 
paccjioeHne 34 

e = ( a e, a E /) 6a3nc b T>* »-BeKTopHoro 

paccjioeHHa 34 
e tok^gctbghhog npeo6pa30BaHne 

paccjioeHHa 23 

MHOJKeCTBO H6BbipO>Kfl6HHHX *T- 

npeo6pa30BaHHii paccjioeHHa £ 23 

*£ MHOJKeCTBO HeBBipOJK^eHHMX T*- 

npeo6pa30BaHHii paccjioeHHa £ 23 

( T : A -» B, f : M —> N ) 

paccjioeHHBiii MopcpH3M H3 paccjioeHHa 
AbB16 

/ roMOMop<pH3M paccjioeHHBix 5-ajire6p 
22 

(?h paccjioeHHaa Majiaa rpynna ceneHna /i 
28 

paccjioeHHaa rpynna CTa6njiH3aii;HH 
ceieHHH ft 28 

M* MHO»cecTBO *T-npeo6pa30BaHHft 

MHOJKeCTBa M 1 

*M MHO»cecTBO T*-npeo6pa30BaHHft 

MHOJKeCTBa M 1 

p[-E] : £ >■ M paccjioeHne 14 

p[E2,Ex] paccjioeHne ypoBHa 2 29 
p[E n , Ei] paccjioeHne ypoBHa n 29 

p[E]* MHTOKeCTBO HeBbipOJKfleHHBIX *T- 

npeo6pa30BaHHft paccjioeHHa p[E] 23 

MHO>KeCTBO HeBBipOJK^eHHBIX T~k- 

npeo6pa30BaHHii paccjioeHHa p[E] 23 
S TO>K^ecTBeHHoe npeo6pa30BaHHe 1 

MHoacecTBO ceneHHH paccjioeHHa 

14 

a[A] C b[B] paccjioeHHoe noflMHOjKecTBO 
17 

A C B noflpaccjioeHHe 17 
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